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1 Introduction 

In |Drlj . V. Drinfeld has introduced the analogues of Shimura varieties for 
GLrf over a global field F of positive characteristic. Following a suggestion 
of U. Stuhler the corresponding varieties for an inner form of GL^, i.e. the 
group of invertible elements A* of a central simple algebra A of dimension d 2 
over F, have been introduced by Laumon, Rapoport and Stuhler in [LRSJ. 
For d = 2 these are the analogues of Shimura curves. In this paper we show 
that some of these varieties (for different A) are twists of each other. This 
result can be viewed as a global variant of the Cherednik-Drinfeld Theorem 
for Shimura curves. 

Let us recall the latter in the simplest case (i.e. over Q and by neglecting 
level structure). Let D be an indefinite quaternion algebra over Q and T> 
a maximal order in D. The Shimura curve Sd is the (coarse) moduli space 
corresponding to the moduli problem 

(S — > Spec Z) i — > abelian surfaces over S with D-action. 

By fixing an isomorphism D <S> M = M%(M.) the group of units T>* acts on 
the symmetric space Hoo : = P — P 1 (R) (the upper and lower half plane) 
through linear transformations. The curve Sd ®q K admits the following 
concrete description 

(1) S D ® Q R = V*\H 00 . 

If p is a prime number which is ramified in D then there is a similar explicit 
description over Q p . For that let D be the definite quaternion algebra over 
Q given by the local data D <g> <Q>£ = D <g> for all prime numbers i different 
from p and D ® Q p = M2(Q P ). Let D denote a maximal Z[^]-order in D and 

denote by Q° r the quotient field of the ring of Witt vectors of W(¥ p ). The 
Theorem of Cherednik-Drinfeld asserts that 

(2) s d ® q q p = v*\(h p ® Qp q; t ). 
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(see [Ce], |Br2J or (EC])- Here v * acts on via 7 ^ Frob; ordp(Nrd{7)) and on 
the p-adic upper half plane H p : = P^q — P 1 (Q P ) via linear transformations. 

Now let F be a global field of positive characteristic, i.e. F is the function 
field of a smooth proper curve X over a finite field ¥ q . The analogues of 
Shimura curves over F are the moduli spaces of ,4-elliptic sheaves as intro- 
duced in [LRSJ. In this paper we generalise this notion slightly by making 
systematically use of hereditary orders. Let oo G X be a fixed closed point. 
For simplicity we assume in the introduction that deg(oo) = 1. Let A be 
a central simple F-algebra of dimension d 2 and let A be a locally principal 
hereditary Ox-order in A. The condition locally principal means that the 
radical Kad(A x ) of A x : = A ®o x @x,x is a principal ideal for every closed 
point x G X. There exists a positive integer e = e x (A) such that Rad(^4 x ) e 
is the ideal A x w x generated by a uniformizer w x of X at x. The number 
e x (A) divides d for all x and is equal to 1 for almost all x. We assume in 
the following that e^A) = d. If A is unramified at oo then this amounts to 
require that Aoo is isomorphic to the subring of matrices in Md{Ox,oo) which 
are upper triangular modulo w^. 

Roughly, an ^4-elliptic sheaf with pole oo is a locally free ^4-module of 
rank 1 together with a meromorphic ^4-linear Frobenius having a simple pole 
at oo and a simple zero. The precise definition is as follows. 

An A- elliptic sheaf over an ¥ q -scheme S is a pair E = (£,t) consisting of a 
locally free right A M Os -module of rank 1 and an infective homomorphism 
of A^ Os -modules 

t : (id x x Frob 5 )*(£ ®a .A(-^oo)) — ► S 

such that the cokernel of t is supported on the graph T z C X Xs pec F 9 S of a 
morphism z : S — > X (called the zero) and is - when considered as a sheaf 
on S = T z - a locally free O s-module of rank d. 

Here A{—\oo) denotes the two-sided ideal in A given by A[—\o6) x = A x for 
all x 7^ oo and A(— hoo)^ = Rad(^4oo). This definition differs, but, as will 
be proved in the appendix, is equivalent to the one given in [LRSjE Unlike in 
loc. cit. we do not require the zero z to be disjoint from the pole oo nor from 
the closed points which are ramified in A. Also we allow oo to be ramified in 
A. For an arbitrary effective divisor I on X there is the notion of a level- 1- 
structure on E. The moduli stack of ^.-elliptic sheaves with level- /-structure 
and fixed degree deg(£) = deg(^4) admits a coarse moduli scheme Ell^. It 

1 In [LRS , the authors work with hereditary orders A with _4oo = Md{0 x,oo) and 
parabolic structures at oo on £ instead. 
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is a fine moduli scheme if I 7^ 0. We will show (Theorem 14. lip that Ell^j is 
a semistable quasiprojective scheme of relative dimension d — 1 over X — I. 
Previously it had been known (see [LRSj . sects. 4, 5 and 6) that Ell^j is 
smooth and quasiprojective over X' — I where X' denotes the complement 
of set of closed points x G X with e x (A) > 1. 

Let B be another central simple F-algebra of dimension d 2 and assume 
that there exists a closed point p G X — {oo} such that the local invariants 
of B are given by imr^B) = mv^A) + 4, inv p (i?) = inv p (v4) — \ and 
inv x .(i?) = inv a ,(A) for all x ^ oo,p. Let E be a locally principal hereditary 
Ox-order in B with e x (B) = e x (A) for all x. Our main result is that the 
moduli space Ellg 7 is a twist of Eirj 7 . To state this more precisely we assume 
for simplicity that deg(p) = 1 and 1 = (see 14.241 and H~25l for the general 
statement). We have 

(3) Ell* = (Eir? ® F? F g )/ < w p ® Frob, > . 

Here w p is a certain modular automorphism of Ell^ 1 (in the case d = 2 it is 
the analogue of the Atkin-Lehner involution at p for a modular or a Shimura 
curve) . 

We explain briefly our strategy for proving ([3]). We consider invertible 
*4-i3-bimodules £ together with a meromorphic Frobenius t having a simple 
zero at oo and simple pole at p. More precisely, for an F 9 -scheme S, we 
consider pairs L = (£, t) where £ is an invertible A M Os-B M O^-bimodule 
and t is an isomorphism of bimodules 

t : (id x x Frob 5 )*(£ ® A — ► £ ®A A(-^oo). 

These will be called invertible Frobenius bimodules of slope D = ^oo — ^p 
and their moduli space will be denoted by SE^ B . We will show in section l4~4l 
that it is a torsor over Spec ¥ q of the finite group of modular automorphisms 
of Ell^ 3 and compute it explicitly (it is instructive to view SE^ B as an ana- 
logue of the moduli space of supersingular elliptic curves with a fixed ring 
of endomorphisms) . In section l4"75l we construct a canonical tensor product 
Ell^ x SE^b -> EfiP , (E, L) ^ E(g) A L. The existence of © is then a simple 
consequence. 

As already mentioned, we regard as a global form (in the function 
field case) of the Cherednik-Drinfeld theorem. In fact an analogue of the 
uniformization result ((Tj) for the moduli spaces Ell^^ has been proved by 
Blum and Stuhler in [BSJ (in case where the level I is prime to 00). On 
the other hand Hausberger has shown in |Hauj (again under the assumption 
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that oo does not divide the level I) that there is also an analogue of the 
Cherednik-Drinfeld theorem. We explain in section H~o1 that, by using ([3]), it 
is possible to deduce one type of uniformization from the other one. 

We describe briefly the contents of each section. In part [2] and |3] we dis- 
cuss hereditary orders in central simple algebras over local fields and global 
function fields. We show in particular that any hereditary order is Morita 
equivalent to a (locally) principal hereditary order. This is the reason why 
it suffices to consider ^4-elliptic sheaves for locally principal A. In section 
13.31 we introduce the notion of a special A-module. If E = (S,t) is an A- 
elliptic sheaf then Coker(t) is special. The stack Coh^ jSp of special ^4-modules 
plays a key role in the study of the bad fibers of the characteristic morphism 
char : Ell^j — > X in section 14.31 In fact Coh_4 jSp is an Artin stack and char 
admits a canonical factorization Ell^ — > Coh^ sp — > X. In fact Coh_4 sp is an 
Artin stack and char admits a canonical factorization Ell^ — > Coh^ sp — > X. 
We shall show that the first map is smooth and the second semistable. In sec- 
tions UJ]-H3] we introduce ^4-elliptic sheaves and study their moduli spaces 
and sections 12.61 and 14.41 are devoted to invertible Frobenius bimodules. In 
section 1431 we construct the tensor product of an ^4-elliptic sheaf (with level- 
i-structure) and an invertible Frobenius bimodules (with level-/-structure) 
and prove our main result (Theorems 14.241 and 14.251) . Finally, in section l4~6l 
we discuss the application to uniformization of Ell^j by Drinfeld's symmetric 
spaces and its coverings. 

Acknowledgements. I thank E. Lau, V. Paskunas and T. Zink for helpful 
conversations. Parts of this work were done while the author stayed at the 
Max-Planck- Institut fiir Mathematik in Bonn in Winter 2004/05. So I am 
very grateful to this institution for the generous hospitality. 

Notation As an orientation for the reader we collect here a few basic nota- 
tions which are used in the entire work. However most notations listed below 
will be introduced again somewhere in this work. 

For a scheme 5* we let \S\ be the set of closed points of S. The category 
of S'-schemes is denoted by Sch / S. If S = Spec k for a field k then we also 
write Sch jk. 

The algebraic closure of a field k is denote by k. If k is finite then k n C k 
denotes the extension of degree n of k. 

In chapters El HI and in 15.21 X denotes a smooth proper curve over some 
base field k. In chapter [3j k is an arbitrary perfect field of cohomological 
dimension 1, whereas in chapter [3] k is the finite field W q . The function field 
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of X is denoted by F. For Y, Z G Sch jk we write 1x7 for their product 
over k. 

For a closed point iGlwe denote by k(x) its residue field and by deg(x) 
the degree [k(x) : fc]. If S is a /c(x)-scheme, then xs will denote the morphism 
S — > Spec/c(x) > X. If 5 = Spec/c' is a field then we also write Xy instead 

Of ^Specfc'- 

For a non-zero effective divisor J on I, we denote the corresponding 

closed subscheme of X by / as well. If M is a sheaf of (9x-modules then we 
use Mi for M ® 0x ®i- 

In chapter HI for S G Sch /¥ q we denote by Frobg its Frobenius endomor- 
phism (over F 9 ). In the case where S = Spec/c' for some algebraic extension 
field k' of F q we also sometimes write Frob g for Frobs pec fc' and Frobenius in 
the Galois group G(k'/¥ g ). If S G Sch /¥ q and £ is a sheaf of Oxxs-modules 
then T £ denotes the sheaf (idx x Frob5)*(^). 

We denote by A the Adele ring of F and for a finite set of closed points 
T of X we let A T denote the Adele ring outside of T. 
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2 Local theory of hereditary orders 
2.1 Basic definitions 

Let X be a scheme and A a quasi- coherent sheaf of Ox-algebras. We de- 
note by A Mod (resp. Mod^) the category of sheaves of left (resp. right) 
^4-modules. Let B be another quasi- coherent Ox- algebra. An ^4-i3-bimodule 
X is an Ox-module with a left A- and right £>-action which are compatible 
with the Ox-action. 

A and B are said to be (Morita) equivalent (notation: A ~ B) if there 
exists a quasi-coherent *4-£>-bimodule X and a quasi-coherent £>-.4-bimodule 
J such that the following equivalent conditions hold: 

(i) There exists bimodule isomorphisms 

T®bJ — >A, J ® A 1 — ► B. 



(ii) The functors 

■® A 1 : Mod A — ► Mod^, ■ ® B J : Mod B — ► Mod A 

are equivalences of categories and mutually quasi-invers. 

In this case X and J are called invertible bimodules and J is called the 
inverse of X. The group of isomorphism classes of invertible ^4,-^4-bimodules 
will be denoted by Pic (A). 
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Now assume that X is a Dedekind scheme that is a one-dimensional 
connected regular noetherian scheme with function field K, i.e. Spec K — > X 
is the generic point. Let A be a central simple algebra over K. An Ox-order 
in A is a sheaf of Ox-algebras A with generic fiber A which is coherent and 
locally free as an Ox-module. If B is an Ox-order in another central simple 
.fT-algebra then it is easy to see that an invertible ^4-i3-bimodule is a coherent 
and locally free O^-module. 

The Ox-order A in A is called maximal if for any open afline U = 
Speci? C X the set of sections T(U,A) is a maximal i?-order in A. A is 
called hereditary if its sections T(U, A) over any open affine U = Spec R C X 
is a hereditary i?-order in A that is any left ideal in T(U,A) is projective 
(equivalently any right ideal is projective; compare ([ReJ, (10.7)). Let £ be 
a locally free Ox-module of finite rank which has a left or right ^4-action 
compatible with the Ox-action. Then the set of sections of £ over any afline 
open U = Speci? C X are a projective T(U, A) -module. 

If X is afline, i.e. the spectrum of a Dedekind ring O we usually identify 
A with its sections T(X,A). An O -lattice is a finitely generated torsionfree 
(hence projective) O-module. A (left or right) A-lattice is a (left or right) 
^.-module which is an O-lattice. By ([Re], (10.7)) A is hereditary if and only 
if every (left or right) ^4-lattice is projective. 

2.2 Structure theory 

Let O be a henselian discrete valuation ring with maximal ideal p and residue 
field k = O/p. Let w G p be a fixed prime element. We will recall the struc- 
ture theory of hereditary O-orders in central simple i^-algebras (a reference 
for what follows is [Rej . section 39). Since we are only interested in ap- 
plications to the case where O is the henselisation or completion of a local 
ring in a global field we will assume for simplicity that k is perfect and of 
cohomo logical dimension < 1. 

Let A be a hereditary O-order in a central simple i^-algebra A of dimen- 
sion d 2 . Its Jacobson radical will be denoted by ^3 = ^4. By ([Re], 39.1 
and exercise 6 on p. 365) ^3 is an invertible two-sided ideal and any other 
two-sided invertible fractional ideal is an integral power of Let B be a 
central simple K- algebra equivalent to A and B be a maximal order in B. 
We denote its radical by DJl = ?$b- Let I be an invertible A-i?-bimodule. 
Its inverse is J: = Hom.K{I,K). Let X be a *4.-£>-stable lattice in I, i.e. 
al, Z&CZ for all a 6 A, b 6 B. Such a lattice exists. In fact if £C/ is any O- 
lattice then the O-module generated by the set {axb \ a e A, x G C, b G B} 
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is a ^4-i3-stable lattice. There exists a positive integer t - called the type of 
A - such that ^3*X = 1WI (see |Rej . 39.18 (i)). It is also equal to the number 
of isomorphism classes of indecomposable left (or right) ^.-lattices. If Ai is 
an indecomposable left ^4-lattice then {^3\M| i = 0, 1, . . . , t — 1} is a full set 
of representatives of the set of indecomposable left .A-lattices. For i 6 Z we 
set X;: = %~ % T and Jc. = Hom C) (X_ i , O). The sequences {Xj | i G Z} and 
{J7i | z G Z} satisfy the following conditions: 

(i) <PX=X_!, X97l = X_t, ^ = ^-1, WlJi = Ji- t foralHGZ. 

(ii) Let A : = {x <E A \ xliCIi} = {x G A \ J-ixCJ_ { }. Then A x ,...,A t 
are the different maximal orders containing A and we have A = A\C\ 
. . . H At (note that A = Aj if i = j mod t). The lattice Xj is an 
invertible .4.j-£>-bimodule with inverse J-i. Note that A% = Aj if z = j 
mod t. 

(hi) Let A: =A/yp,B: = B/Wl and let 

: = Im(^ -> Endg(X/X_!)) = Im(^ -> End^^-i)) 

for i = l,...,i. Then, considered as a .4.^-£>-bimodule, Xj/X^x is 
invertible with inverse J-ij 3-i-\- We have 

34 A {1) x ... x 34 (t) 

and .4* = M n .{k') for i = 1, . . . ,t. Here k' is the center of B and 
rij = rankg(Xj/Xj_!). The numbers (ni, . . . , n 4 ) are called the invariants 
of A They are well-defined up to cyclic permutation. 

Definition 2.1 T7ie positive integer e = e(A) with = wA will be called 
the index of A. 

We will see below (Lemma 12.41) that e(A) does not change under finite 
etale base change. If h 2 is the dimension of a central division algebra equiv- 
alent to A (thus h is the order of [A] in Br(F) if k is finite) and t is the type 
of A then e = dt. 

Recall QBFj . p. 216) that A is said to be principal if every two-sided 
invertible ideal of A is a principal ideal or equivalently if there exists II G ^3 
with AH = UA = ^3. For example A is principal if it is a maximal (9-order 
in A or if e(A) = d. This is a consequence of the following characterization 
of principal orders. 
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Lemma 2.2 Let A be a hereditary order in a central simple K-algebra A of 
dimension d 2 . The following conditions are equivalent. 

(i) A is a principal order. 

(ii) If (ni, . . . , n t ) are the invariants of A then n\ = . . . = n t . 

(Hi) Let Mi, . . . , M.t be a full set of representatives of the isomorphism 
classes of indecomposable right A-lattices. Then there exists an integer f EN 
such that 

A (Mi® ...@M t ) f 

as right A-modules. In this case we have f — rii — . . . — n t and d = ef . 

Proof, (i) <£> (ii) see ((BP], Theorem 1.3.2, p. 217). 

(i) -vv- (iii) Since A is principal if and only if A = ^3 as right ^4-modules this 
follows from the fact that the map [M] i— > [A^^J] is a cyclic permutation of 
the set isomorphism classes of indecomposable right ^4-lattices ( [Re] . 39.23). 

For the last assertion note that if A is principal then on the one hand 

t t 
dim fc (^l/ < P) = ^dim fc (^ 0) ) = ^ dn 2 = tdn 2 = en- 
i=i j=i 

for i E {1, . . . , t}. On the other hand since Mjj ' MfQ is an irreducible A - 
module we have 

t 

&im k (A/^) = fJ2 dimkiMj/MW) = ftdrn = fen, 
j=i 

Therefore we get f = n,. Finally because of 

e-1 

d 2 = dim k (A/zuA) = dim fc ( $ PV«p i+1 ) = edim k (A/^) 
we obtain ef = d. □ 

Suppose that A is principal. We denote the subgroup of A* of elements 
x E A* with xA = Ax by N(A). For x E N(A) there exists a unique m E Z 
with xA = ^p m and we set va(x) = ^. We have a commutative diagram 
with exact rows 

1 ► O* > K* Z ► 

1 ► A* ► N(A) ±Z ► 
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where Vk denoted the normalized valuation of K and the vertical maps are 
the natural inclusions. 

Next we consider the special case where A = Endx(V^) for a finite- 
dimensional K- vector space V (i.e. A is split). A lattice chain in V is a 
sequence of (^-lattices = {A | i G Z} such that 

- Li C for all ieZ. 

- There exists a positive integer e, the period of £*, such that £,_ e = ti7£j 
for all i G Z. 

The ring 

(4) A = End(A) : = {f G A \ f{£i)Qd Vi G Z} 

is a hereditary 0-order in A of index (= type) e with invariants n« = 
dinifc(Li/Lj_i). We have: 

(5) <P7" = End m (A) : = {/ G A | /(A)C£ i+m V* G Z}. 
Any hereditary (9-order in A is of the form (Tj0) for some lattice chain. 

2.3 Etale base change 

We keep the notation and assumption of the last section. Let A be a central 
simple algebra and A an O-order in A with radical ^3. 

Lemma 2.3 T7ie following conditions are equivalent: 

(i) A is hereditary. 

(ii) There exists a two-sided invertible ideal ffll in A such that A/9JI is 
semisimple and DJl e = wA for some e > 1 . 

Moreover iffXft is as in (ii) then 9JI = 

Proof, (i) (ii) follows from ([Re]. (39.18) (iii) ) (for Wl = *JJ). 

(ii) (i) In view of ([ReJ, (39.1)) it suffices to show that 3Jt = *p. The 
inclusion is a consequence of the assumption that A/Wt is semisimple. 

The converse inclusion follows from ([Re], exercise 1). □ 



10 



Lemma 2.4 Let K' /K be a finite unramified extension and O' the integral 
closure of O in K' . Then A is hereditary (resp. principal) if only if A®o O' 
is hereditary (resp. principal). In this case ^3 ®o O' is the radical of the 
latter. 

Proof, (compare also pa]) We will prove only the statement for hereditary 
orders and leave the case of principal orders to the reader. If A is hereditary 
then 9R: = ^® o 0' satisfies the condition (ii) of Lemma [^31 Hence A®oO' 
is hereditary. 

To prove the converse let V be a left ^4-lattice. We have to show that 

Hom^(P, •) : Mod^ -> Mod 

is an exact functor or - since O' is a faithfully flat 0-algebra - that 

Hom^(P, •) ® O' = Rom A ® o0 >(V ®o &, ■ ®o &) 

is exact. However the assumption implies that V ®o O' is a projective A®o 
O'-module. □ 



2.4 Morita equivalence 

Let A be a central simple algebra and A a hereditary 0-order in A with 
radical ^p. If A' is another (9-order in A containing A then A' is hereditary 
as well and 

Lemma 2.5 Let A\, . . . ,A S be a collection of O-orders in A containing A 
with radicals ty u . . . , If Ai n . . . n A, = A then qj x + . . . + <$ s = *p. 

Proof. Clearly ^ + . . . + ^3 s C<p. By Lemma 12.41 to prove equality we 
may pass to a finite unramified extension K'/K. Hence we can assume 
A = Endi^(V^) for some finite-dimensional K vector space V and that there 
exists a lattice chain = {Ci \ i G Z} in V with period e = e(A) such that 

A = {/ e A | f(Ci)QCi Vz g Z}, <p = {/ e A | /(A)cA-i Vz g Z}. 

Clearly it is enough to consider the case where s = e and ^ = {/ G A 
f(Ci)C.Ci}, i = 1, . . . , e are the different maximal orders containing A. We 
proceed by induction on e so we can assume that e > 1 and that the radical 

<p' = {/ G A | f(Ci)QCi-i Vz ^ 0,1 mode and f(Ci)CCi_ 2 Vz = lmode}, 
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of B: = A n . . . n Ae-i is = <Pi + . . . + «p e _ 1 . 

Let / G ^3. Consider the diagram of fc-vector spaces 



£1/ £0 £0/ £-1 

£e/ ^0 ~ ~ *" A)/ £-e 

where the vertical maps are induced by C\ £ e and id : Co ^ Co re- 
spectively and the upper horizontal map by /. There exists a dotted arrow g 
making the diagram commutative. Let g G Home>(£ e , C ) = be a "lift" of 
<?. Then = f(x) mod £_i for every x G £1. Therefore (/ — g){C\)QC-\ 
and (/ - g)(Ci)Qf(Ci) + g{C e )ClCi-i + C = A-i for i = 2, . . . , e — 1 and 
consequently f-geip. This proves <pc<p' + <£ e = qj x + . . . + <p e _! + <p e . 

□ 

Corollary 2.6 Le£ A be a hereditary O-order of type t with radical *}3 in the 
central simple K-algebra A and let Ai, . . . ,At denote the different maximal 
orders containing A. Then 

A 1 + ... + A t = y- t+1 

is a two-sided invertible ideal. 

Proof. By ([Re], section 39, exercise 10) and Lemma [2.51 above we have 

<p = *p x + . . . + *p t = <p* A + . . . + y?A t = <p%Ai + . . . + A) 

hence A + . . . + A t = <P" m . □ 



Let B be another central simple i^-algebra which is equivalent to A and 
let B be a maximal order in i? with radical 971. Let I be an invertible A-B- 
bimodule, J: = Homx(X K) and let {X | i G Z} and {J7i | i G Z} be as in 
section 12.21 

Lemma 2.7 Consider Xj cg>g J7j (res;?. Ji <S>a 1j) as a submodule of (Xj ®g 
J,) ® K = I® B J (resp. J ® A I). 

(a) J2i+j=-t+i -^i ®0 Jj = A as an A-A-bimodule. 
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(b) Ji ® A Xj is an invertible bimodule. If i + j = then Ji ® A Xj = B (as 
B-B-bimodule). We have 



Ji+l ®A^j — Ji ®a1j- 



Wt^iJi ®a Zj) ifi+j = mod t; 
Ji ® A Xj ifi+j ^0 mod t 



Proof, (a) Under the identification I ® B J = Hom^(J, K) ®b J — 
Hoine(J, J) the submodule Tj ®e Jj corresponds to Honig(,7-j, Jj). Hence 
if we fix an A-A-bimodule isomorphism / ®b J = A so that Honig(j7o, Jo) 
is mapped to Aq then for arbitrary i, j G Z with i + j = the module 
Hom B ( l 7_j, J}) is mapped to A4. It follows ^j +J=0 Xi® B Jj = A\ + . . . + A- 
hence together with Lemma 12.51 the assertion. 

(b) The proof of the first two statements is similar and will be left to the 
reader. For the last statement note that 



Coker^ ® A Xj -> J i+1 ® A Xj) = J i+1 /Ji ® A Xj J i+1 /Ji ® A X j /X j _ 1 
By (iii) above we have 

Ji+i/ Ji ®A~Xj/Xj-i = Ji+i/ 'Ji Xj/Xj-i = B 
if i + j = mod t and Ji+i/Ji ® A Xj/Xj-i = if i + j ^ mod t. □ 



Corollary 2.8 T/ie assignment 

M ^ {M® A Xi\ zeZ} 

defines an equivalence between the category of right A-lattices and the cate- 
gory of increasing chains {M.i \ i G Z} of right B-lattices such that AiiDJl = 
M.i-t for all i G Z. A quasi-inverse is given by 

{Mi I iGZJh ^ Mi® B Jj- 

i+j=-t+l 

Here the sum is taken inside of (IJiez-^) ®b J ■ 

Proposition 2.9 Let A± and A2 be hereditary O-orders in central simple 
K -algebras Ai and A 2 . The following conditions are equivalent: 

(i) A\ and A 2 are Morita equivalent. 

(ii) Ai and A 2 are equivalent and A\ and A2 have the same index. 
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Proof. We will show only that (ii) implies (i). The proof of the converse 
is easier and will be left to the reader. Suppose that (ii) holds. Let D 
be a central division algebra over K equivalent to A\ and A2 and T> be 
the maximal (9-order in D. For v = 1,2 we fix increasing sequences of 
A v -V- and P-A-bimodules {if ) | % G Z} and {if } | % G Z} as in E2 
Put = [J i6Z lf^ and = Uiez^i ■ The assumption implies that 
: = ^i+j=-t+i if"* ©d Jj 2 is an .Ax-^Tattice (the summation takes 
place in ® D J^) and y : = £ i+j= _ t+1 X t ) ®2> ^ a ArA-lattice. By 
Corollary 12.81 above the assignment M. 1— > M. <S>Ai X defines an equivalence 
between the category of right ^-lattices and the category of right ^4 2 -lattices. 
A quasi- inverse is given by H 1— > J\f ®a 2 y. This implies that A\ and A2 
are Morita equivalent. In fact using Lemma 12.71 it is easy to see that the 
X ® M y = At and y® Al x = A 2 . □ 



Recall that a right ^.-lattice M. is called stably free if there exists integers 
t > 1, s > such that M. r = A s as right ^4-modules. 

Lemma 2.10 Let A is a principal O -order of index e in a central simple K- 
algebra of dimension d 2 . Let Ai\, . . . , M.t be representatives of isomorphism 
classes of indecomposable right A-lattices. For a right A-lattice A4 7^ the 
following conditions are equivalent. 

(i) M. is stably free. 

(ii) M. = (Mi © ... © M.t) r for some positive integer r. 

(Hi) T>: = End^(TVl) is a principal O-order of index e in a central simple 
K -algebra D. 

Moreover in this case A and T> are Morita equivalent and Ai is an invertible 
V-A-bimodule. If rank^ A4 = rde then dim^(D) = (er) 2 . 

Proof. The equivalence of (i) and (ii) follows immediately from Lemma 

(ii) -v=> (iii) By Lemma 12.41 we may pass to a finite unramified extension 
K'/K. Therefore we can assume that A = End^(V A ) for a (^-dimensional 
.fT-vector space V and A = End(£*) for a lattice chain with period e in 
V. There exists 7*1, . . . , r e > with 

M = £?©...© Q 
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Since Hom y ((£ i , £,-) = p M with i — j < [ie < i — j + e we have 



End A (M) 



(M ruri {0) M ri , r2 (0) ... M rure (0) \ 
M r „ ri (p) M n Jp) ... M n .(0) 



\M re , n (p) M re , r2 (p) 



,{0) ) 



By (jReJ, 39.14) the order on the right is a hereditary order in M m (K) where 
m = Ylt=i r i- Its index is = e if and only if r« > 1 for all % £ {1, . . . , e} and 
in this case the invariants are (ri, . . . ,r e ). The equivalence of (ii) and (iii) 
follows. The proof of the last assertion will be left to the reader. □ 



Corollary 2.11 Let A be as in \2.10\ and let M. be a stably free A-module. 
We have: 

(a) ranko M. is a multiple of ed. 

(b) M. is free if and only if ranko M. is a multiple of d 2 . In particular if 
e = d then M. is free. 

Proof. If A = M m (D) where D is the central division algebra equivalent 
to A then rank .Mi = mh 2 with h 2 = dim K (D). Hence if M = (Mi © 
. . . © AitY for r G N then rank^ Ai = rtmh 2 = red. The second assertion is 
obvious. □ 



Corollary 2.12 Let A and B be principal orders of the same index e in 
central simple K -algebras A and B respectively both of dimension d 2 . Let X 
be an A-B-bimodule. The following conditions are equivalent: 

(i) I is an invertible A-B-bimodule. 

(ii) I is a free left A-module of rank 1. 

(iii) X is a free right B-module of rank 1. 

Proof, (i) =^ (iii) We show first that X is a lattice. Let J be an inverse of 
X and B-torJ its £>-torsion (.4-)submodule. Since b-x,ovJ®a1 ^ J®a^ — & 
we have B-torJ "©^X = and therefore B-torJ = B-tor J ®a1®b J = 0. For 
m G J , m ^ we get Bm = B as left £>-module and therefore 

X ^ X ® s Bm ^ X ® B J = A. 
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Hence X is a lattice. Let T>: = Endg(X) D A. Thus X is a X>-i3-bimodule 
and so X ®g J = A is a P-Abimodule. But End^(^) = ^| and therefore 
V = A. Bv 12101 and I2TT1 X is a free ^-module of rank 1. 

(hi) =^ (i) By 12.101 T> is a principal order of index e in a central simple 
.fT-algebra D of dimension d 2 and X is an invertible T>-i3-bimodule. Since 
VDA this implies V = A. □ 

Corollary 2.13 Let A be a hereditary O-order of index e in central simple 
K-algebra A. Then there exists a principal O-order V in a central simple 
K-algebra which is Morita equivalent to A. In fact that V can be chosen 
such that ranke>(D) = e 2 . 

Proof. Let A' be a principal (9-order of index e in A': = M e (A) (since 
e 2 divides dim^-(A') and e is a multiple of the order of [A'] = [A] in Br(F) 
such an order clearly exists). By Proposition 12.91 A' is Morita equivalent to 
A. The second assertion follows immediately from 12.101 □ 

2.5 Maximal tori 

Let A be a central simple i^-algebra of dimension d 2 and A a hereditary 
(9-order in A with radical ^3. In this section we consider commutative etale 
(9-subalgebras of A. Note that a finite flat (9-algebra T is etale if and only 
if Rad(T) = wT. 

Lemma 2.14 Let T be a commutative etale O-subalgebra of A. Then we 
have Rad(T) = T n«p. 

Proof. Since X is a direct product of local O-algebras T = \\% and 
Rad(X) = Y\ Rad(Xj) it suffices to prove the assertion for each factor. Thus 
we may assume that X is a local ring. Hence Rad(X) is the maximal ideal 
of X which implies Xn^3 C Rad(X). On the other hand, by assumption, we 
have Rad(X) = zuT hence Rad(X) CT n*p. □ 

A commutative etale (9-subalgebra X of A is called maximal torus if 
rank(p X = d. It follows immediately from the structure theory for heredi- 
tary (9-orders in central simple i^-algebras QReJ, 39.14) that there exists a 
maximal torus in A. We have the following characterization of maximal tori: 

2 Here Aa = A considered as a right yl-module 
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Lemma 2.15 LetT be a commutative etale O-subalgebra of A. The follow- 
ing conditions are equivalent. 

(i) T is a maximal torus. 

(ii) T is a maximal element in the set of commutative etale O-subalgebras of 
A. 

(m) T = Z A (T) = {x e A | xt = tx Vte T}. 

(iv) T/Rad(T) is a maximal commutative separable k-subalgebra of A/ty. 

Proof. The simple proof of the equivalence of the first three conditions 
will be left to the reader. 

(i) <^> (iv) By [2H1 above we have Rad(T) = Tn«p = wT. Thus it follows 
from Lemma 15.11 of the appendix that (iv) holds if and only if ranke> T = 
dinifc(T /wT) = n. □ 

Lemma 2.16 (a) If k = ¥ q and A is a maximal order in A then A admits 
a maximal torus isomorphic to Od, the ring of integers of the unramified 
extension of degree d of K . 

(b) Let O' be a finite etale local O-algebra and T be a maximal torus in A. 
Then T ®o O' is a maximal torus in A ®o O' . 

(c) For any two maximal tori T, T of A there exists a finite etale local 
O-algebra O' such that T ® O' and T' ®o O' are conjugated (by some 
ae(A® O 1 )*). 

Proof, (a) and (b) are obvious. 

To prove (c) we may pass to a finite unramified extension of K if necessary 
so that A = End^(^) and A = End(£*) where V is a finite-dimensional 
.fT-vector space and is a lattice chain in V. We may also assume that 
T = O n = T where d = dim(V). Let e be the_period of £^and let 
Ci\ = d/Ci-i. Consider the A: = ^4/^P-module C: = @^ =1 A- As a 
T: = T/Rad(T)- and i : = T j Rad(T')-module it is free of rank 1 (by 
Lemma 15731 of the appendix). Hence there exists an isomorphism G : T — ► T 
such that Q(t)x = tx for all t G T, x £ C We choose a lifting of G, i.e. 
an isomorphism of O-algebras G : T — ► T which reduces to Q modulo w. 
Then for any % G Z we have 

(6) G(t)x = tx for allteT,xe A 
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Since £o is a free T- and T'-module of rank 1 there exists / G Aute>(£ ) Q A* 
such that f(tx) = Q(t)f(x) for all t G T, x G £ Q . Hence 9(t) = /t}" 1 for all 
t E T and therefore T' = /T We claim that / G .4*, i.e. /(£*) = d for 
all i G Z. For that it is enough to see that /(A) ^ £« f° r alH = 1, 2, . . . e and 
in fact for i = 1 (by induction). Note that /(£i) C /(£ e ) = ^ _1 /(£o) = £e- 
Choose z G {1, 2, . . . , e} minimal with /(£i) C £j and assume that z > 2. 
Then / induces a nontrivial T-linear homomorphism / : £ x — > £{ such that 

f(tx) = &(t)f(x) = tf(x) for aU t G T, Z G £*. 

On the other hand since £ is a free T-module of rank 1 we have Homr(£i, £j) 
= 0, a contradiction. This proves / G A*. □ 

We need the following two simple Lemmas in section 13.31 

Lemma 2.17 Suppose that A is principal and let T be a maximal torus in A. 
Let Ai be an A-lattice and put T: = T/Rad(T). The following conditions 
are equivalent. 

(i) M. is stably free. 

(ii) Ai/%$Ai is a free T-module. 

The proof will be left to the reader. 

Lemma 2.18 Assume that A is principal and let T be a maximal torus in 
A. Let — > A4' ^Ai^Af^Obea short exact sequence of A-modules 
and assume that M. is a stably free A-lattice and wM = 0. The following 
conditions are equivalent. 

(i) M.' is stably free. 

(ii) Af is a free T-module. 

Proof. By using the exact sequence 
— ► Ker(jV ® A V -> AT) -> M'/^M' — ► M/^M — > N '/qW — ► 
we see that 

IM'/¥M'] = [M/WM] + \Ker(Af® A <p -> Af)] - [Af/^Af] 
= [M/WM] + [Ar® A y] - W) 

in the Grothendieck group K Q (T). Note that [Af] = [Af ®a if an d om y if 
Af is a free T-module. Hence (ii) is equivalent to the equality [.M'/^LVT] = 
[M/tyM] in K Q (T). The assertion follows fromEHl □ 
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2.6 Local theory of invertible Frobenius bimodules 

Let O be a henselian discrete valuation ring with quotient field K, maximal 
ideal {w) = p and residue field k = O/p. We assume that k is finite of 
characteristic p. Let vk be the normalized valuation of K. We denote by 
inv the canonical isomorphism Br(i^) — > Q/Z of class field theory. Let O' 
be a finite etale local (9-algebra with quotient field K' . By a G G(K'/K) we 
denote Frobenius isomorphism (i.e. o{x) = x^ k > mod p). For an O'-module 
M we write Mr 1 for M ®o' K' and ° M for M ®o',a O' (or equivalently 
a A4 = M. with the new O'-action x ■ m = a(x)m). 

Let A be a central simple i^-algebra of dimension d 2 and A a principal 0- 
order in A with radical ^3 and index e = e(A) (note that we have einv(A) = 
0). Let .M be a free right ^4o'-module of rank 1 together with an isomorphism 
of ^4c>/-modules 

(j) : a Mty m ► M 

for some m G Z. We set 

B: = End^,(A<,0) = {/eEnd,i o ,(A<) | o */ = / o 0}. 



Lemma 2.19 T7ie O-algebra B is a principal order of index e in the central 
simple K -algebra B : = Bk of dimension d 2 . We have 

r j I 

(7) inv(.B) = mv(A) H mod Z 

e 

Proof. Let <j) K >: = <fi ®o id# : ^(Mk-/) -> Mr-/. By Lemma EE] the 
O'-algebra £>': = End,4 ,(.M) is a principal O'-order of index e in B' : = 
End^, (Mk')- Define a cr-linear isomorphism ip : B' — > I?' by ^(/) : = 
0a - ' ° a f ° (pR 1 '- We have 

B = {6 G B' | = b} and B' = B Q , . 

Together with Lemma [2.41 this implies the first statement. The proof of the 
second assertion will be left to the reader. □ 



Conversely suppose that we have given a second central simple .fT-algebra 
B of dimension d 2 and a principal (9-order B in B of index e. We also assume 
that [K' : K] is & multiple of the order of [B ® A opp ] in Br(i^). Let m be any 
integer such that (171) holds. 



19 



Lemma 2.20 There exists an invertible Bo'-Ao'-bimodule M. and an iso- 
morphism of bimodules 

: a M^ m — ► M. 

Proof. By Proposition 12.91 the principal orders Bq> and Aq> are Morita 
equivalent. Let A4 be an invertible £>e>'-.Ae>'-bimodule. Then a Ai is invertible 
as well. Hence there exists an isomorphism <f> : a Ai^ m — > M. for some 
w! G Z. By EH we have 

to! 

inv(S) = inv(A) H mod Z 

e 

and therefore m = m' mod e. Put 0: = ro™ i m 0'. □ 

For the rest of this section we assume that (9 is an F 9 -algebra (g = p r 
for some r G Z) and let k' be an (possibly infinite) algebraic extension of 
k whose degree (over k) is a multiple of e. Let O' : = C? ®f 9 fc' and cr : = 
id ®Frob 9 G G(0'/0). For p G Rom ¥q (k, k') ^ Hom fc /(fc <g>p 9 k',k') we 
denote the kernel of O' — > k ®f 5 k' — >■ fc' by p^ and we set 0' p : = 0J,/ . Then 
0' p is a (pro-)finite (pro-)etale local O-algebra whose degree is a multiple of 
e and O' = p Similarly 

Ao> = ^ with ^ = ^ 

p 

and tyo' = Rad(^4o') is equal to the product Y[ p where ty' p denotes the 
maximal invertible two-sided ideal Ker(^4 / — ► ^4.'/Rad(^4')) of Ac- For 
the distinguished element i: = incl : k fc' in Hom^fc, fc') we put p' = p^ 
and ^3': = Let .M be a free right -4.cr-module of rank 1. For m G Z 
the ^4o'-module CT (7V1 (*p') m ) is also free of rank 1. Hence there exists an 
isomorphism 

0: "(M^T) > M. 

If we set 

B: =End Aol (M,4>) = {feEnd Ao ,(M)\ 0o-/ = /o0}. 

then one can deduce easily from Lemma 12.191 that B is a principal (9-order 
of index e in the central simple i^-algebra B = Bk and that equation ((7|) 
holds. 

Conversely given such a principal (9-order £> of index e and m G Z such 
that (J7J) holds there exists a pair (.M,0) as above with B = End^ , (A4,<f)). 
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To see this let M. be any invertible £>e)/-*40'-bimodule. Since \M is invertible 
as well we have 

(8) a (M Y[(%) mp ) = M 

p 

for certain m p G Z. Since a {ty' p ) — ^Frobqop we ma J assume - after replacing 
M. by for a suitable invertible two-sided -Ac-ideal 21 - that m p = for 
all p G HoniF 9 (A;, k') except p = t. As in the proof of Lemma 12.201 we deduce 

Tfl 

inv(5) = inv(v4) H mod Z 

e 

hence m L = m mod e and therefore (*P') mt = (*P') m . Hence there also exists 
an isomorphism a (M(*$') m ) = M. 

Definition 2.21 A pair (M. , 0) consisting of an invertible Bq>- Ao> -bimodule 
A4 and an isomorphism : a (Ai{^') m ) ^ M. is called an invertible <p-A-B- 
bimodule of slope — — over O' . 

We have seen that an invertible 0-i?o'-^cr-bimodule of a given slope 
r G Q exists if and only if r = inv(v4) — inv(-B) mod Z. It is also easy to see 
that any two invertible 0-£>e>'-.4.e>/-bimodules of the same slope differ (up to 
isomorphism) by a fractional ^4-ideal. This implies that if k" is an algebraic 
extension of k! and O" = O ®f, k" then any 0-.4-£>-bimodule over O" is 
obtained by base change from an 0-^4-i3-bimodule over O' . 

Remark 2.22 Assume that [k' : k] = e and let n = [k' : ¥ q }. Let (M,<p) 
be an invertible 0-*Bo'-^e>/-bimodule of slope — — . For r G Z/raZ we put 
% = ar y. We have EUz/nZ % = Vh' = Mc- For each two-sided 
invertible ideal 21' of Ac and r G Z/nZ, the map induces isomorphisms 
( ar M)%! -> ( ar ~ L M)W%$' r m which will be also denoted by 0. Consider the 
map 

(9) 0" : A4 = ( CT ".M) ("""'A*)^" 1 . . . — > M \{ yT? = Mp m 

reZ/raZ 

Since © is £>e>/-.4.0/-bilinear and commutes with there exists an element 
x G K with vk{x) = m such that ([9]) is given by multiplication with x. This 
fact will be used later when we discuss level structure at the pole of ^.-elliptic 
sheaves. 
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3 Global theory of hereditary orders 



In this section we study hereditary orders in a central simple algebras over a 
function field of one variable (though most results hold also for number fields). 
We shall show that two hereditary orders are Morita equivalent if their generic 
fibers are equivalent and all their local indices are the same. Furthermore 
any such hereditary order is Morita equivalent to a locally principal one. We 
will then study the Picard group of a locally principal order A and introduce 
the notion of .A-degree of a locally free .4-module of finite rank. In the final 
part we will introduce the notion of a special .4-module. 

In this chapter k denotes a fixed perfect field of cohomological dimension 
< 1 and X a smooth projective geometrically connected curve over k with 
function field F. For x G \X\ we denote by O x the completion of Ox, x and 
by F x the quotient field of O x . The maximal ideal of O x will be denoted by 
p x . If V is a coherent Ox-module then we set V x = V ®o x ®x and if V is a 
finite-dimensional F- vector space we put V x = V <S>f F x . 

3.1 Morita equivalence. 

Let V be a finite-dimensional F-vector space. The set of locally free coherent 
(9x- m odules V with generic fiber V v = V is in one-to-one correspondence with 
the set of O x -lattices V x in V x for all x G \X\ such that there exists an F-basis 
B of V with V x = J2beB f° r almost all x. Consequently if U CX is an 
open subscheme then there is a one-to-one correspondence between coherent 
and locally free Ox-modules V and coherent and locally free O^-module Vu 
and together with an C^-lattice V x in Vu <8> F x for all x e X — U. 

Let A be a central simple F-algebra and A a hereditary Ox-order in A. 
We put e x (A) : = e(A x ). There are only finitely many points x G \X\ with 
e x (A) > 1. Define the divisor Disc (>4) as Disc(^4) : = J2 x e\x\ ( e x(A) — l)x. 
If k is finite and x G \X\ then inv x (A) denotes the image of the class of A x 
under the canonical isomorphism of class field theory Br(F x ) — > Q/Z. 

Proposition 3.1 Let A\,Ai be central simple algebras over F and let Ai 
and A2 be hereditary Ox -orders in A 1 and A 2 respectively. The following 
conditions are equivalent. 

(i) Ai and A2 are equivalent. 

(ii) A 1 and A 2 are equivalent and {A\) x and {A?) x are equivalent for all 
x G \X\. 
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(iii) A\ and A 2 are equivalent and Disc (Ai) = Disc i A?) ■ 

Moreover if k is a finite field then the above conditions are also equivalent 

to: 

(iv) vay x {A]) = mv x (A 2 ) for all x G \X\ and Disc (.Ai ) = Disc fAQ- 

Proof, (i) =>- (ii) is clear, (ii) (iii) follows from Proposition 12 .9! and (iii) 
(iv) from the Theorem of Brauer-Hasse-Noether. It remains to show that 
(ii) implies (i). Let U be an affine open subscheme of X contained in the 
complement of Disc fAi ) = Disc(^4 2 ) in X. By ([Re], 21.7) Ai\u and A 2 \u 
are Morita equivalent. Let Xjj be an invertible ^i|[/-^2|[/-bimodule and let 
X x be an invertible (^4i) x -(^4 2 )a:-bimodule for each x G X — U. Since there is 
only one invertible (^^-(^^-bimodule up to isomorphism we may assume 
that X X ®F X = X\j®F x i.e. that X x is a lattice va.Xu®F x . It is easy to see that 
the locally free Ox-module X corresponding to Xu and the X x , x G X — U is 
then an invertible v4i-v4.2-bimodule. □ 



A locally principal Ox -order A is a hereditary Ox-order in a central 
simple F-algebra A such that A x is principal for all x G \X\. The rank of 
A is its rank as an Ox-module, hence = dim^(A). If A is a hereditary Ox- 
order in A then it is locally principal if for example A x is either maximal or 
e x (A) = d for all x G | Disc (A) | . 

Suppose that A is a locally principal Ox-order of rank d 2 . We define two 
positive integers e(A),5(A) by 

(10) e(A): = lcm{e x (^) | x G \X\} 

5(A): = lcm{ numerator of 5^7^ | x G \X\} 

According to Lemma [2.21 we have 5(A) \ e(A) \ d. If A is locally principal 
then one can easily see that 

d 2 1 
deg(A) = -— J2 (1 - ^Tjd deg(s). 

In particular if B is a second locally principal Ox-order of rank d 2 with 
Disc (.A) = Disc(S) then 

(11) deg(„4) = deg(B). 
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Corollary 3.2 Let A be a hereditary Ox-order in a central simple F -algebra 
A. Then there exists a locally principal Ox-order T> which is Morita equiva- 
lent to A. In fact D can be chosen such that ranko x (P) = e(A) 2 . 

Proof. That A is equivalent to a locally principal Ox-order follows easily 
from the corresponding local statement 12.131 In fact if B : = M e (A) then for 
all x G | Disc (.A) | we can pick a principal C^-order B x in B x equivalent to A x . 
If U : = X — | Disc(^4) | and Bjj is a maximal 0[/-order in B then there exists 
a uniquely determined hereditary Ox-order B in B with B ®o x ®x — &x 
for all x G |PJsc(^4)| and B\y = By. The order B is locally principal and 
equivalent to A by 13. 1L 

Thus to prove the second statement we may assume that A is locally 
principal. Let I be a locally stably free ^4-module which is of rank de as an 
Ox-module. By Lemma 12.101 and 13.11 above it follows that T>: = End_ 4 (I) 
is a locally principal Ox-order in End^(2ij). Moreover V is equivalent to A 
and rank 0x (I>) = e(A) 2 . □ 

3.2 Locally free .4-modules 

The Picard group of a locally principal order. In this section A de- 
notes a locally principal Ox-order of rank d 2 . We are going to compute the 
Picard group of A. Define 

Div(y4) : = { n x xe Div(X) ® Q | e x (A)n x G Z Vx G \X\}. 
xe\x\ 

Note that deg(Div(.4.)) = ^jZ. For a divisor D = J2 x e\x\ n ^ x e Div(^4)) 
we denote by A(D) the invertible ^4-^4-bimodule given by A(D)\x-\d\ = 
A\ X -\d\ and A(D) X = <p-"* e *^) for all x G \X\. If D G Div(X) then 
^(D) = ^® 0x O x p). 

Proposition 3.3 TTie sequence 

— > ^ Div(^) D ^i D) Pic(^) — > 

zs exact. 

Proof. This follows from ([Re], 40.9). □ 
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We also need to consider the group of isomorphism classes of invertible 
„4-.4-bimodules with level structure and give a description of it as an idele 
class group. Let / = n x x be an effective divisor on X. The corresponding 
finite closed subscheme of X will be also denoted by /. A lev el-l -structure on 
an invertible ^4-^4-bimodule £ is an isomorphism (3 : Aj — > £/ of right Ar 
modules. We denote by Pic/(^4) the set of isomorphism classes of invertible 
„4-„4-bimodules with level- /-structure. If (£1, Pi), (£2, P2) are invertible A- 
„4-bimodules with level- /-structures we define the level- /-structure P1P2 on 
£1 <EU £2 as the composite 

(12) PiP 2 : Ai (£2)/ = Ai <8U, (£ 2 )/ ^ (£1 ®a £2)/ 

thus defining a group structure on Pic/(^4). Note that unlike Pic (.A), Pic/(v4) 
is in general not abelian. In fact we have a short exact sequence 

(13) — ► A}/k* — > Pi Cl (A) — ► Pic(^) — > 

where the first map is given by a e A} 1— > (.A, Z a : A./ Ai) . 

Let t^) : = Ker(rL 6 | X | ^ - fU|x| (A/p^A)* = ^) and let 

where nle|x| N(A X )) denotes the restricted direct product of the groups 
{N(A x ))} xe \ X \ with respect to {A* x } xe \ X \- Given a = {a x } x e Yl' xe \ X \ N (A X ) 
we put div(a) = ^2 xe i X i VA x { a x) x - Left multiplication by a induces a level- /- 
structure P a : Ai — > ^4(div(a))/. 

Corollary 3.4 /Tie assignment a \— > («4(div(a)), /3 a ) induces an isomor- 
phism & (A) = Pic 7 (^). 

Relative divisors and invertible bimodules. Let 5 be a /c-scheme and 
let 7r : X x 5 — > S be the projection. We need to define the bimodule A(D) 
also for elements of a certain group of relative divisors Div(«4IE Os)- For the 
latter we use the following ad hoc definition. Assume first that S is of finite 
type over k. Let S be the collection of all connected components of x x S 
where x runs through all closed points of X. Thus if S' E S there exists a 
unique closed point x: = n(S') with S' C x x S. We set 

Div( - 4HOs):= £^4) z ' 
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Let R be the integral closure of k in T(S, Og)- Note that for x G \X\ the set 
of open and closed subschemes of x x S corresponds to the set of idempotents 
in k(x) ®fc R. If / : Si — > S2 is a morphism of fc-schemes there is an obvious 
notion of a pull-back /* : Div(A B O5J -> Div(.4 IO Sl ). For an arbitrary 
/c-scheme we define Div(*4. M Os) as the direct limit of Div(^4. IE 0$') over 
the category of pairs (S', g) consisting of a A;-scheme S' of finite type and a 
morphism g : S — > S' in Sch /k. 

Let S G Sch/fc. A fc-morphism £5 : 5 — > X which factors as S — ► 
Spec — > X for some a; G \X\ yields an element - denoted by x 5 as well 

- of the group Div(*4 M Os)- For that we can assume that S is of finite 
type. Since the graph Y Xs = (xs, ids) '■ S — > X x S is an open and closed 
subscheme of x x S it is a disjoint union of connected components and we 
define xs G Div(^4 M Os) to be the sum of these components. 

There exists a unique homomorphism 

(14) Div(AMOs) ^Pic(A^Os), D^(AMO s )(D) 

compatible with pull-backs which agrees with the previously defined map in 
case S = Speck' for a finite extension k'/k. It suffices to define ( I14p for 

- r^ D, where D is a connected component of x x S for some x G It is 
also enough to consider the case where S is connected and of finite type over 
k. Let R be the integral closure of k in T(S, Os)- Then Speci? is connected 
and finite over Spec k, i.e. R is an artinian finite local fc-algebra. Let k' 
denotes the residue field of R. Since k is perfect the canonical projection 
R —>■ k' has a unique section. Therefore the structural morphism S — > Spec k 
factors as S — > Spec k! — > Spec k. Thus by replacing k, X and A by k! and 
Xy and A k ! respectively we can assume that the residue field of R is k. 
However, in this S is connected for all x G \X\, hence D = xxS with 
x = n(D). So we are forced to define (A B O s )(-^D) : = 7t*(A(^rx)). 

^4-rank and ^4-degree. Let / : S — > X be a morphism. For £ in f*(M Mod 
and T in Mod/. (.4) we put £ ®^ T: = £ ®f*{A) ? ■ If -D = J2 x e\x\ e 
Div(.A) we set £{D) : = £ ® A f*{A(D)) and :F(Z>) : = f*(A(D) ®O s ) ® A F. 

Let S be a fc-scheme. We denote by A Vect(S) (resp. Vect^(S')) the 
category coherent and locally free left (resp. right) A Kl C^-modules. For 
.F in A Vect(S) or Vect A (S) let rank^jF be the locally constant function 
s 1 — ► rank^ fc ( s )(^ : '|xxs) on S 1 (hence rank^jF can be viewed as an element 
of Z 71 " ^). For a positive integer r we denote by A Vect r (S) (resp. Vect^(S')) 
the subcategory of T G ^Vect(S') (resp. JF G Vect^(S')) with rank^jF = r. 
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Let J be a locally free A Kl O^-module of rank r. Define det^jF as 
the image of the isomorphism class of T (viewed as an element of H X (X x 
S, GL r (A M O s )) under the map 

HUX x S, GL r {AMO s )) — H^(X x S, O*) = Pic(X x S) 

induced by the reduced norm Nrd : M r (A) — > F. We obtain a locally constant 
function ^ 

deg^(J^) : S -> -Z, s i-> deg((det^ J")| Xxs ) 
It is easy to see that 

deg A (F) = ^(deg(.F) - rank^(^) deg(A)). 

In particular since deg(A(D)) = deg(^4) + d 2 deg(.D) we have 

deg A (A(D)) = deg(D) 

for all D e Div(A). 

Lemma 3.5 (a) Let — > T\ — > T% — » J~3 — > 6e a s/iort exact sequence of 
coherent and locally free A Kl Os-modules. Then 

deg^J^) = deg^(^i) + deg^J^). 

(b) Let £ be an object of Vect A (S) and T be an object of _4"Vect s (S) . Then 

^(deg(£ ® A T) - rs deg(A)) = r deg A (F) + s deg^(^). 

(c) Let B be a second locally principal Ox -order of rank d 2 equivalent to A. 
Let £ be an object ofVect v A (S) and let I be an invertible A-B-bimodule. Then 

deg B (£ ® A T) = deg.4(£) + r deg^(J). 

(d) Let £ be an object of A Vect r (S) and D e Div(^4). Then 

deg A (£(D)) = deg A (£)+rdeg(D) 

Proof, (a) is obvious, (c) follows from (b) and (TTTT) and (d) is a special 
case of (c). Note that by 12.121 the bimodule I in (c) is a locally- free left A- 
and right B- module of rank 1. 
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For (b) it is enough to consider the case when S is a connected /c-scheme of 
finite type and therefore - by choosing a fixed closed point s G S and taking 
the base change Spec k(s) — > Spec k - to consider the case S = Spec k. If 



(15) 




£ 



£ 



is a diagram of locally free A^ Og- modules of the same rank r and injective 
A Kl O^-linear homomorphisms then it is easy to see that (b) holds for £ 
if and only if it holds for £'. Since £\y = A r \u for some non-empty open 
subscheme UC.X there exists a diagram ( fl5l) with £' = A r . The assertion 



It follows from 13.31 or 13.51 (b) that deg.4 : Pic (A) — > Q is a homomor- 
phism. We denote its kernel by Pico(*4). Also if / G Div(X), I > we let 
Pic/ ; o(-4) be the subgroup of (£, (3) G Pic/(^4) with deg^(£) = 0. The image 
deg_4(Pic(^4)) is equal to j^^- 

Remark 3.6 Let A, B be locally principal Ox-order of rank d 2 and suppose 
that A and B are equivalent. The set of isomorphism classes of invertible 
*4-i3-bimodule has a simple transitive left Pic(^4)-action. Hence for any two 
invertible .A-£>-bimodule X, J the degrees deg^( l 7) and deg^(X) differ by a 
multiple of w^s- Call A and B strongly Morita equivalent if there exists an 
invertible ^4-S-bimodule X with deg^(X) = 0. It is easy to see that a given 
Morita equivalence class of locally principal Ox-orders of rank d 2 decomposes 
into | strong equivalence classes (where e and 5 are defined in ffTUl) ). 

3.3 Special *4-modules 

Let A be a locally principal Ox-order of rank d 2 . If g : U — > X is an etale 
morphism then a maximal torus in A\j\ = g*{A) is a maximal commutative 
etale Ojy-subalgebra of A\j. 

Definition 3.7 A right A Kl Os-module K is called special of rank r if the 
following hold: 

(i) K is coherent as an Oxxs- m °dule and the map Supp(/C) X x S — » S 
is an isomorphism. Hence Supp(/C) is the image of the graph of a 



follows. 



□ 
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morphism N = N(JC) : S — > X and K, is the direct image of a N*(A)- 
module - also denoted by K - by the graph T N = (N, id s ) : S — > X x S . 

(ii) Consider K, as a sheaf on S as in (i). For any Stale morphism g : U —>■ 
X and maximal torus T of Au, (gs)*()Q a locally free (Nu)*(T)- 
module of rank r. Here gs (resp. Njj) denote the base change of g (resp. 
N) with respect to N (resp. g). 

We denote by Coh^ sp the stack over k such that for each S G Sch/k, 
Coh r Asp (S) is the groupoid of special A M O s-modules of rank r. The mor- 
phism /C t— > N(K.) will be denoted by N : Coh^ sp — > X . 

Remarks 3.8 (a) By Lemma 12.161 it suffices to check condition (ii) for a 
fixed etale covering {Ui — > U} and maximal tori % of Aut- 

(b) Let /C be as in 13.71 satisfying (i) and assume that N(JC) : S — >• X factors 
through X — | Disc(^4) | . Then K, is special of rank r if and only if AT is a 
locally free of rank rd as an (9s-module. 

(c) Let A' be another locally principal Ox-order of rank d 2 equivalent to A 
and let X be an invertible ^.-^.'-bimodule. Tensoring with X maps Coh^ 
isomorphically to Coh^, . This follows easily from the fact that, locally on 
X, A and A' are isomorphic. More generally if A are equivalent on some 
open subscheme U C X and X is a ^4-^4'-bimodule which is invertible on 
U then tensoring with X yields an isomorphism ■ : Coh^ sp XxU — ► 

Coh !4',sp X xU. 

Except in the appendix we need to consider only the case r = 1. In 
the following we investigate the geometric properties of Coh_4 jSp : = Coh^ . 
Recall that a morphism / : Y — >• X is said to be semistable if its generic fiber 
is smooth and for any y G F there exists an etale neighbourhood Y' of y, an 
open affine neighbourhood Speci? of x = f(y) and a smooth X-morphism 
Y' Spec R[Tx, . . . , T r ]/(Ti • ■ • T r — w) for some r > 1, where w is a local 
parameter at x. Equivalently, Y is a smooth fc-scheme, the generic fiber Y rj 
is smooth over F and the closed fiber Y x is a reduced divisor with normal 
crossings for all x G |X|. Therefore if / is semistable it is flat. 

We have the following simple Lemma whose proof will be left to the 
reader: 

Lemma 3.9 Let Y\ — — > Y 2 — X be morphisms of schemes such that f is 
smooth and surjective. Then g is semistable if and only if go f is semistable. 
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Let y be an algebraic stack over k. We will call a morphism f : y ^ X 
semistable if there exists a scheme Y and a presentation P : Y —>■ y (i.e. 
P is smooth and surjective) such that / o P : Y — > X is semistable. By 
13.91 if this holds then any presentation P' : Y' — > 3^ (with V a scheme) has 
this property. In particular if y is a scheme the two notions of semistability 
agree. 

Our aim in this section is to prove the following result. 

Proposition 3.10 Coh^ iSp is an algebraic stack over ¥ q . The morphism 
N : Coh_4 )Sp — > X is semistable of relative dimension —1. Its restriction to 
the open subset X — Disc(^4) is smooth. Consequently, Coh_4 iSp is locally of 
finite type and smooth over¥ q . 

Proof. The last assertion follows from ( [Lauj . 3.2.1). Since the assertion is 
etale local on X we may assume that X = Spec R is affine with R a principal 
ideal domain, | Disc (A) \ = {p} and the generic fiber of A is = Md(F). By 
13.21 we may also assume that e p (A) = d. Let w be a generator of p. Then 
r(Spec.R, A) is isomorphic to the .R-subalgebra of M d (R) of matrices which 
are upper triangular modulo p. Hence r(Spec.R, .4.) can be identified with 
to the i?-algebra R d {U} defined by the relations 

n(:ri, • ■ • , x d ) = (x 2 , • • • > Xd, xi)U, n d = w. 

Let Coh5 )Sp (5') denote the groupoid of pairs (JC,a) where /C G Coh^4 jSp (5') 
and a : Og — > N*()C) is an isomorphism. The action of LT on /C yields - by 
transport of structure via a - a map 0§ — > Og of the form (xi, . . . , Xd) 1— > 
(x 2 ai, . . . , Xddd-ii XiOd) for some (ai, . . . , a^) G T(S, Os) such that a\ ■ ■ ■ ad = 
N*{vo). Thus the assignment (/C,a) > (N, a 1; . . . , a d ) defines an isomor- 
phism 

Coh% p S Spec R[T 1: r rf ]/(T! ■■■T d -w) 

Finally the forgetful morphism Coh^ sp — > Coh_4 jSp is a presentation. In fact 
it induces an isomorphism Coh5 )Sp — Coh^ sp. Here the action on 
Coh^gp is defined by the natural G^(5')-action on the set of isomorphisms 
a:O n s ^N*(K). □ 

We finish this section with the following criterion for an A IE Os-module 
£ to be a locally free. 
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Lemma 3.11 Let U C X be a non-empty open subscheme such that £\uxS 
is a locally free Ajj Kl Os-module. The following conditions are equivalent. 

(i) £ is a locally free A M Os-module of rank r. 

(ii) For x G \X — U\ and any pair of k-morphism g : S' — > S and xg> '■ S' — > 
Speck(x) — > X the quotient g*(S) / 'g*(£)(— - r^j ^S') is a special A-module of 
rank r . 

(Hi) For x G | Disc (y4.)| — U and any pair of k-morphism g : S' — > S and 
xs< '■ S' — > Speck(x) — > X the quotient g*(S)/g* (£)(— - r^ xs') is a special 
A-module of rank r. 

Proof. That (i) implies (ii) follows from Lemma 12.171 and the equivalence 
of (ii) and (iii) from 13.81 (b) above. 

(ii) =^ (i) We may assume that S is affine, hence that S and of finite 
type over k. For y G \X x S\ we have to show that £ ® OtxxS),y is a f ree 
(A ®o x C\xxs),j/- m c-dule. It follows from ( |Lafj . 1.2, lemme 4) that we may 
even replace S by the image s of y^XxS-^S. Thus it is enough to 
prove (i) if S = Spec k is the algebraic closure of k. However in this case the 
assertion follows from 12.111 and 12.171 □ 



We have the following generalization of ( |Lauj . Lemma 1.2.6). 

Lemma 3.12 Let — ^ — ^ £^ — ^ /C — > be a short exact sequence of right 
A Kl Os-modules. We assume K, is coherent as an Oxxs-module, the map 
Supp(/C) <^-> X x S —>■ S is an isomorphism and K, is as an Os-module locally 
free of rank rd. We also assume that £ is a locally free A M Os-module of 
rank r. Then the following conditions are equivalent. 

(i) £' is a locally free A S3 Os-module of rank r. 

(ii) K is special of rank r . 

Proof. Again by using Lafforgue's Lemma ( |Lafj . 1.2.4) (applied to A and 
maximal tori in A) it suffices to consider the case where k is algebraically 
closed and S = Spec A;. The assertion follows then from Lemma [2. 181 □ 
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4 The moduli space of *4-elliptic sheaves 



4.1 ^l-elliptic sheaves 

In this chapter X denotes a smooth projective geometrically connected curve 
over the finite field ¥ q of characteristic p, F the function field of X. We also 
fix a closed point oo G X . Let A be a locally principal Ox-order of rank d 2 
and let A be its generic fiber. We make the following 

Assumption 4.1 600(A) = d. 

Definition 4.2 Let S be an ¥ q -scheme. An A- elliptic sheaf over S with pole 
00 is a triple E = (£, 005, t), where £ is a locally free right A M Os-module 
of rank 1, where oo 5 : S —>■ X is an ¥ q -morphism with oos{S) = {00} and 
where 

t : -(£(~oo s )) — E 

is an injective A^Os-linear homomorphism such that the following condition 
holds: 

(*) The map Supp(Coker(t)) X x S — > S is an isomorphism. Considered 
as a sheaf on S, K, is a locally free Os-module of rank d. 

Hence Supp(Coker(t)) is the image of the graph of a¥ q -morphism l : S — > X 
called the zero (or characteristic) of E. 

We denote by £££™ the stack over¥ q such that for each S G Sch /k, £££^(S) 
is the category whose objects are A- elliptic sheaves over S and whose mor- 
phisms are isomorphisms between A- elliptic sheaves. 

For n G we define £ll Q ^ n to be the open and closed substack of A- 
elliptic sheaves E = (£, oos, t) with deg^(£) = n. The functor which maps 
an ^.-elliptic sheaf E = (£,oog,t) over S to its zero 60 : S — > X defines a 
morphism char : £££°% — > X (called the characteristic morphism). Similarly 
E = (£,oos,t) 1— > oo s defines a morphism pole : £££°£ — > Specfc(oo). By 
Lemma I'd. 121 Coker(t) is a special ^4-module of rank 1. This fact allows us to 
compare the above condition (*) with the condition speciale'm ( |Hau] . section 
3) (see also 15.111 (b) below). It follows that the characteristic morphism 
factors as 

(16) char : £ £Q — ► Coh Asp ^ X 

We will see in the proof of Theorem 14.111 below that the first morphism is 
smooth. 
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Remarks 4.3 (a) The concept of an ^-elliptic sheaf is due to Laumon, 
Rapoport and Stuhler ( |LRSj . section 2). The definition given above is dif- 
ferent but, as will be explained in the appendix, equivalent to the one given 
in ([LRSJ, section 2). In fact our Definition 14. 21 is slightly more general. Their 
notion corresponds to an ^-elliptic sheaf where (i) A is a division algebra 
which is unramified at oo, (ii) *A|x-{oo} is a maximal order in A and (iii) the 
zero Lq is disjoint from | Disc (^4)|, i.e. t factors through X — | Disc (A) | X 
(the latter condition was weakened in |BS] and [HauJ to require only that to 
factors through (X - | Disc (.A) |) U {oo} U {x G \X\ \ mv x {A) = -}). 

(b) Let A be the subsheaf of MdiOx) of matrices which are upper triangular 
modulo oo. In this case 8££°% is isomorphic to the stack £££% of elliptic 
sheaves of rank d (hence above X — {oo} it is isomorphic to the stack of 
Drinfeld modules of rank d; compare QBS], section 3)). In fact by Proposition 
15. lUl of the appendix we have £ ££™ = V£££^j ^ an d the latter is isomorphic 

to the stack £££^ by Morita equivalence. 

(c) If A is a division algebra then ^-elliptic sheaves are special cases of right 
A-shtukas of rank 1 ( |LaflJ . 1.1). Recall that an A-shtuka of rank 1 is a 
diagram 




T £ 



where £ , £' are locally free right A M (!?s-modules of rank 1 and where j and 
t are injective A Kl Os-linear homomorphism such that the cokernels of j and 
t and of the dual morphisms j v and t v satisfy condition (*) above (actually, 
it follows from Lemma [3.121 (compare also the proof of 14.131 (b) below) that 
it is enough to require that the cokernels of j and t satisfies (*)). Hence we 
have Coker(j),Coker(t) G Coh Asp (S). In fact if E = (£,oo s ,t) G £££™(S) 
is an ^.-elliptic sheaf with zero lq : S — > X then the diagram 

(17) ^(-^oo 5 ) . 




T (^(->5)) 

is an A-shtuka with pole 005 and zero l . Therefore we have a 2-cartesian 
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square 



£££% > Sht\ 

pole 

Spec fc(oo) > Coh_4 sp 

Here the second vertical arrow is given by mapping an ^4-shtuka (£,£', j,t) 
to Coker(j). The lower horizontal arrow is defined by A/A(— ^oofc(oo)) G 
Coh v 4 jSp (Spec fc(oo)). It is easy to see that it is representable and a closed 
immersion. Hence the morphism £££ A — > Sht^ given by (1T7I) is a closed 
immersion. 

(d) One could consider ^4-elliptic sheaves more generally for a hereditary 
Ox-order A. However since any hereditary Ox-order is Morita equivalent to 
a locally principal Ox-order we do not obtain new moduli spaces in this way. 

(e) If we consider £££ A as a fc(oo)- rather than a F g -stack we can (and will) 
drop oos from the definition. More precisely for S G Sch /k(oo) the objects 
of £££ A (S) are just pairs E = (£, t) such that (£, 005, t) is an ^4-elliptic sheaf 
as in 14.21 where oos is the composite S Specfc(oo) X. 

(f) Define an automorphism of stacks 9 : — > £££ A by 

(19) 9(£, oo s , t) = (£(i T oo 5 ), T oc s , t(^ T oo 5 )) 

a a 

where T oo 5 = oo 5 o Frob 5 . We have 9(£££^ n ) = £££ A>n+ i for all n e \Z and 
^dcg(oo)^^ = E ^ a ^(Iqo) for all ^-elliptic sheaves £. 

(g) Let A' be a locally principal Ox-order which is Morita equivalent to A 
and let £ be an invertible ^l-^4'-bimodule. Then 



E = (£, oo 5 , t) ^ E ® A C: = {£ ® A £, oo s , t <8u He) 

defines an isomorphism between £££ A and £££ A ,. If m = deg A (C) then it 
maps the substack £££ An isomorphically onto the substack £££ A , m+n . In 
particular E 1— > E ® A C defines an action of the abelian group Pic (A) on 

Eiex. 



We define Pic(.4)[0] to be the group generated by its subgroup Pic(*4.) 
and the element 6 which satisfies the relations # de s(°°) = .4.(^00) and 6C = CO 
for all C G Pic(A). Thus Pic(A)[6] acts on £££J. The group Y\c(A)[0] is 
an extension of Z/ deg(oo)Z = G(/c(oo)/F 9 ) by Pic (.A). The map deg^ : 
Pic(A) — > ^Z extends to a homomorphism deg_4 : Pic(.A)[#] — > ^Z by defin- 
ing deg^(0) = \. 
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Definition 4.4 The group of modular automorphisms W(A, oo) is defined 
as the kernel of deg A : Pic(.A)[0] — > |Z. 

W(«4, oo) stabilizes the substack £lt^ n for all n G There exists a 
canonical homomorphism 

(20) W(A, oo) -> G(/e(oo)/F 9 ) 

so that pole : ££fj — > Spec£;(oo) is W(A, oo)-equivariant. The kernel of 
( 1201) is Pic (^4) and the image is of order s ^ d J s (°°) (thus ( 1201) is surjective if 
and only if deg.4 : Pic (.A) — > ^Z is surjective). 

4.2 Level structure 

We reformulate now the notion of a level structure on an .A-elliptic sheaf given 
in ( |LRSj . 2.7 and 8.4) in our framework. Let I = Y2 X n x x be an effective 
divisor on X. We assume first that oo does not divide /, i.e. n M = 0. 

Definition 4.5 Suppose that oo ^ |/|. Let E = (£,oog,t) be an A- elliptic 
sheaf over an ¥ q -scheme S with zero to : S — > X disjoint from I , i.e. Lq(S) fl 
J = 0. A level-I -structure on E is an isomorphism of right Ai^O$ -modules 

a : Ai®O s ^e\i xS 
compatible with t, i.e. the diagram 

TCI *' /xS C I 

C-\lxS ^t\lxS 




A^Os 



commutes. 

We denote by £tt°Xi the stack of ^.-elliptic sheaves with level /-structure 
and for n G ^Z by Sli^i n the substack of A-elliptic sheaves of A-degree n 
with level /-structure. Again we obtain morphisms char : £££°£i ~^ X — I 
and pole : ££i^j — > Spec/c(oo). The automorphism ffT$]) of Remark 14.31 (f) 
extends canonically to an automorphism 9 : £££°£i ~^ £^ai- The "ght 
action of Pic (^4) on £lt^ lifts to a right action of Pic/(^4) on £££°^ I as 
follows. If (£, (3) is an invertible A-A-bimodule with level- /-structure and 
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(E, a) an A-elliptic sheaf with level- /-structure (E, a) over S then we define 
(E, a) ® (£, (3) : = (E ® C, a • /3) with 

(21) a«/3 : .A/HOs ^ £;KO s = {AmO s )® A CMOs ^ (£ «u£)|jx S . 

As before we have e de ^°°\E, a) = (E, a) ® (A.(|oo), id). 

Suppose now that |/| = {oc}, i.e. / = noo with n > 0. Let k(oo)d be a 
fixed extension of degree d of k(oo). According to section [2761 there exists a 
pair (.Moo, 0oo) consisting of a free right Aoo ®f, &(oo ^-module A^oo of rank 
1 and an isomorphism 

0oo : '(Moo?) — > Moo 

where *P denotes the maximal invertible two-sided ideal of Aoo ®f 9 &(°°)<i 
corresponding to the inclusion fc(oo) fc(oo)rf. Let A4/ denote the sheaf of 
A/ ®f 9 /c(oo) rf -modules associated to the A^oo/A^ooP^o- The map (f)^ induces 
an isomorphism 

0/ : %M/(-~ooA) ^ A4, 
where oo^ denotes the morphism oOfc( OG ) d : Specfc(oo) rf — > Spec/c(oo) A. 

Definition 4.6 Let E = (£, 005, t) be an A- elliptic sheaf over an ¥ q -scheme 
S with zero lq : S — > X disjoint from I. 

(a) Suppose that I = noo with n > 0. A lev el-I -structure on E consist of a 
pair (A, a) where A : S — > Spec k(oc)d is an ¥ q -morphism of schemes which 
lifts the pole 005 and where a is an Ai £3 Os -linear isomorphism 

a: (idjxA)*(Mi) — >£|i xS 

snc/i t/iat t/te diagram 

( T (f(-j00 S ))|j x5 — -f|/x5 

T (a(-icx)s)) a 



(id, xA)*r(A^ 7 (->,))) ( llX MW (id, xA)*(A4,) 

commutes. 
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(b) Suppose that I is an arbitrary effective divisor on X with oo G |/| and 
write I = noo + J°° = Too + 1°° with n > such that oo does not divide I°° . A 
lev el-I -structure on E is a triple (af, A, aoo) consisting of a level-I°° -structure 
ctf and a level-loo- structure (A, «oo). 

Let I be an effective divisor on X with oo G |/|. Again we define £ll°£i 
as the stack of ^4-elliptic sheaves with level- /-structure (£, t, af, A, a^) and 
denote for n G by £U°^ In the substack where deg^(£) = n. There are 
canonical morphisms 

char : £££%j -+X-I, pole : £££%j -> Spec A;(oo) d 

(the latter is given by (E, af, A, cteo) i— > A; it lifts the morphism po/e : — ► 
Spec fc(oo)). 



Modular automorphisms. Next we are going to extend the definition of 
the automorphisms ( fT9l) and define a natural right action of a certain idele 
class group on £££°^j (thus lifting the action of Picj(A) when 00 G" |/|). 
Define 9 : -> by 

(22) 6(£,oo s ,t,a f , A.aoo) = (£(i r oo s )/oos, t(i T oo s ), a//A, 
where aj^ is the composite 

(id/ x r A)*(7W/) -^-> (id/xA)*(7W/(- r oo d )) £(- T oo 5 )| /xS . 

Write / = noo + /°° = /oo + /°° with n > and 00 G" |/°°|. Let £>oo be a 
principal order in a central -Foo-algebra of dimension d 2 such that 

e(X>Qo) = e(^oo) and inv^^) = inv(Ao) + -. 
We have seen in section 12.61 that 

We choose an isomorphism (thus making (.Moo, 4>oo) into an invertible 0-£>oo- 
^4oo-bimodule of slope —h)- Let 

U^A 00 x V^) : = Ker(( J] A* x ) x - ^ x (P^/p^)*) 

a,G|X|-{oo} 
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and define 

d{A™ x Poo): = (nU|x h{ oo } N(A X )) x Ntp^/U^A 00 x Voo)F*. 

For a = (a/,aoo) = ({a a; } x? t 00 , aoo) G (nle|x|-{oo} N (Ax)) x iV(Poo) let 
div(a) = (T,xe\x\-{oo} v A x ( a x)x) +v Vac (a 00 )oo G Div(.A). Let (E, a/, X, a^) 
G £££'^ I (S). Left multiplication by af on ^4 induces a level-/°°-structure 
af ■ af on £(div(a)). More precisely a/ • a/ is the composite 

a/ ■ a f : ^ B 0s^^„4.(div(a)) JOO H 5 a/(dlv(a)) > g(div(a))| JO o x g 



Similarly left multiplication by a^ on .Moo yields a level- Joo-structure aoo-floo 
on £® ^4(div(a)). One easily verifies that 



(E,af, A, aoo) -a- — (E ® *A(div(a)), a/ • a/, A, • aoo) 
yields a rig 

ht (nle|x|-{oo} N (A*)) x N(£>oo)-action on S£Qi and that & 
factors through C/(^°° x V^). 

The canonical projection Cj^ 00 x Poo) — ► [A) (given on the oo-factor 

by iV(Poo) ^ ±Z = iV(Ax>)M») followed by the isomorphism d«>(A) -> 
Pic/oo(^4) from 13.41 yields also a Cj(^4°° x Poo)-action on £££™ Ioa and one 
checks that the forgetful morphism of stacks £££°^ I — > £££™ 1<x commutes 
with the Ci(A°° x Poo)-actions. 

By Remark 12.221 there exists a prime element G such that the 
class £ = £oo G C/^xPoo) oftheidele ({l}^oo,^oo) satisfies 0**s(°°) (£) = 
E-Z for all £ G ££Qi(S). 

If oo does not divide the level I we define the group Picj(.4)[0] simi- 
lar to Pic(.A)[0] in the last section. Pic/(.A)[0] contains Pic/(^4) as a sub- 
group and the element 9 lies in the center and satisfies the relation de s(°°) = 
(„4(±oo),id) =: = Let deg^ : Pic/(.A)[0] -> ±Z be given by (£,/5) i-> 
deg^(£) on Picj(^4) and deg^(6») = ~. 

Assume now that oo divides I and write / = noo + I°° = ioo + I°° as 
above. Define C/(^4°° x Poo)[#] as the group generated by C/(^4°° x Poo) and 
a central element satisfying the relation <Me s(°°) = £. The homomorphism 

C/(^4°° x Pqo) ~~ Cj°=(-4.) = Pic/oo(^4.) ^4 |Z extends to a homomorphism 
deg.4 : Cj(A°° x Poo)[#] -> iZ by setting deg^) = ±Z. 

Definition 4.7 Lei J fre an effective divisor on X. The group of modular 
automorphisms W(A, I, oo) of ££t^ l is defined as follows: 



W(A, I, oo) 



Ker(deg^ : Pic,(.A)[0] -> ±Z) z/oo G* |J|, 

Ker(deg^ : C 7 (^°° x -> ±Z) if oo £ \I\. 
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Remarks 4.8 (a) If oo ^ |/| (resp. oo G |/|) there exists a canonical homo- 
morphism W(A, I, oo) -> G(fc(oo)/F ? ) (resp. W(.A, J, oo) -> G(fc(oa)<i/F,)) 
with kernel Pic Ifi (A) (resp. C/(„4°° x P^o) such that S£t%j -> SpecJfe(oo) 
(resp. £££^i ~* Spec fc(oo)d) is W(^4, J, oo)-equivariant. 

(b) For effective divisors I, J on I with I < J there exists a canonical 
projection W(»4, J, 00) — > W(^4, /, 00) such that the forgetful morphism 
£^a,j — y £^ai becomes W(A, J, oo)-equivariant. 

(c) The map x 1— > x^^S-aw induces an isomorphism 

Ci(A°° x Poo)/^ = W(^,/,oo). 
This fact will be used in section 14.61 

We have (compare ([EES], 8.10) and ([LafJ, 1.3.5)) 

Lemma 4.9 Let I < J be effective divisors on X . Over X — J the forgetful 
morphism 

fff°° > FPP°° 

cll A,J y cll A,I 

is representable and is a finite, Stale Galois covering. Its Galois group is 
Ker(W(A, J, 00) -> W(.4, /, 00)). //oo £ | J| - |/| it is S Ker(^} -> .AJ). 

Corollary 4.10 Lei A' fre a locally principal Ox-suborder of A with the 
same generic fiber A and denote by 1 :Y X the reduced closed subscheme 
with \Y\ = {x G |X| I e x (A') > e x (A')}. Note that 00 G" Y. Let I be an 
effective divisors disjoint from Y and put J : = I + Y . Then over X — J the 
forgetful morphism factors canonically as 

(23) S££^ j ^ S££^f j S££j^ j. 

Both maps are representable and finite and Stale. Moreover the first arrow 
is Galois. 

Proof. Let V: = Im(.A'|y — > A\y)- Then the diagram 

A' > l*{V) 

A ► t*{A Y ) 

is cartesian. Here we view J as a closed subscheme of X and denote by 
1 : J — ► X the inclusion. For E = (£,t, 005,0;) in ££E°£j(S) we decompose 
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a into a level- /-structure ai and a level- Y-structure ay- Define £' by the 
cartesian square 

£' i*{V) 



£ 



YxS 



.(A 



Y 



Then £' is a locally free A Kl (9s-module of rank 1. The first morphism in 
(J2SJ) is induced by £ 1— > £' whereas the second by £' 1— > £' ®_4/ A The proof 
of the remaining assertions are left to the reader. □ 



4.3 The coarse moduli scheme 

Our aim now is to prove the following theorem. 

Theorem 4.11 (a) £tt Q ^ I is a Deligne-Mumford stack over¥ q . It is locally 
of finite type over X. The morphism char : £££°^ I — > X is semistable of 
relative dimension d — 1 . 

(b) The open and closed sub stack £lt^ I ofSSJtfj is of finite type over X. It 
admits a coarse moduli scheme which will be denote by Ell^. The structural 
map ££1^10 ~ * EH^/ is an isomorphism if I ^ 0. 

(c) The morphism char : Ell^ —>■ X — I is quasiprojective and semistable of 
relative dimension d — 1. It is smooth over the open subset X — (Disc(^4) U I) . 
In particular Ell^ / is a smooth, quasiprojective ¥ q -scheme. 

This is known if A is a division algebra or A = Ma(F) and if we restrict 
£££%! to the open subset X - (DjgcQA) U I) ( [LRS] . Theorem 4.1 and [DrT] ). 
The proof of 14.111 consists essentially of two parts. In the first part one 
shows that £££°^ — > X is a Deligne-Mumford stack and semistable. In the 
second part one proves that for / 7^ 0, £££^ In is a quasiprojective scheme 
by showing that for large m the map £££^m?n ~^ ^^Ai n ls surjective. Here 
£££°Aj tah denotes the substack of .4-elliptic sheaves whose underlying vector 
bundle is I-stable. It is a consequence of a theorem of Seshadri that £££°^'f' ab 
is a quasiprojective scheme. The key step in the proof of the surjectivity is to 
show that £££°Xi n is of finite type over ¥ q (see Lemma 14. 141 below) . Since the 
proof of both parts are mainly reproduction of the corresponding arguments 
in ( |LRSj . section 4 and 5; compare also ( [Lafj . Chapitre I), [LaJ and ( [Lauj . 
1.3 and 1.4)) we will be rather brief and elaborate only on those steps were 
essential modification have to be made. 



40 



For the first part we follow ( [Lauj . 1.2) and work with the factorization 
ffTUj) . i.e. we consider £li°^ I mostly over Coh^p rather than over X. 

Let Inj_4 sp be the stack over fc(oo) such that for each S G Sch//c(oo), 
Inj_4 sp(iS') is the groupoid of injective morphisms j :£'—>£ oi locally free 
right A £3 Os-modules of rank 1 with Coker(j) G Coh^^S 1 ). 



Lemma 4.12 (a) The two morphism 

In Us P — ► Vectjy, x Coh Asp 

given by (j : £' — > £) \— > (£, Coker(j)) and (j :£'—>£) (£', Coker(j)) are 
representable and quasiaffine of finite type and smooth of relative dimension 
d. Consequently hi] A is algebraic, smooth and of finite type over¥ q . 

(b) The two morphism 

In .U,sp — ► Vect f 

given by £ and £' are representable and quasiprojective and in particular of 
finite type. 



The proof of (a) for the first morphism is literally the same as ( [Lauj . 
1.3.2). The statement for second morphism can be deduce from that for 
the first as in ([Lauj, 1.3.2). We need to remark only that for a short exact 
sequence 0— > £' — > £ — > JC — > of right A ® C^-modules with £', £ G 
Vect^(S') and K G Coh_4 sp (S') the third term of the dual sequence of A opp <8> 
C 5 -modules -> £ y -> V v -> Ext^ 4(g)C , s (/C, A M O s ) -> lies, by Lemma 
13.121 in Coh^op P sp (S'). 

(b) follows from ( [Lai] . 1.2.2 and 1.2.8). □ 

Consider the following obvious diagram of stacks 

> Vect^® F9 A;(cx)) 

(24) Inj Asp > (Vect^ x VectJO ® ¥q fc(oo) 

Coh^ iSp 

where the right vertical arrow in the (2-cartesian) square is the graph of 
the endomorphism Frobo^ -1 : Vect^ ®¥ q k(oo) — > Vect^ <8)w q k(oa) (for the 
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definition of O^ 1 compare 14.31 (f); if deg(oo) = 1 it is given by £ i-^ £(—koo)). 
By ( |Lafj . 1.2.5) the stack Vect^ is algebraic, locally of finite type and smooth 
over F q . Together with Proposition 13.101 Lemma T4.9I and Lemma \A. 121 above 
the same argument as in ([LRS], section 4; see also ( [Lafj . 1.2.5) and ( [Lau] , 
1.3.5)) imply part (a) of 

Lemma 4.13 (a) Let I be an effective divisor on X . The morphism £££°Xj 
— > Coh_4 sp is algebraic, locally of finite type and smooth of relative dimension 
d. The morphism char : £££^j — > X is semistable of relative dimension d—1. 

(b) £££^ is a Deligne-Mumford stack, locally of finite type and smooth over 
F q . Moreover if I ^ then £££°^ is isomorphic to an algebraic space. 

Proof of (b). Everything is clear if we replace "Deligne-Mumford" by 
"algebraic". To prove that ££1™ is indeed a Deligne-Mumford stack we 
use ( |LMj . 8.1). If we replace the lower vertical map in ( 1241) by Inj^ sp — > 
SpecA;(oo) then, by Lemma [4.121 and ( [La] . Lemma on p. 60), the diagonal 
morphism £££% -> £U°% x ¥q £££™ is unramified. Note that for E G ££Qi(S) 
we have Aut(E) = F q * if / = or = 1 otherwise. Hence the last assertion 
follows from ([EM!, 8 - L1 )- D 

Lemma 4.14 For n G and I > the stack £££^ In is isomorphic to a 
scheme of finite type over F q . 

Proof. In case where A is a division algebra this follows from a result of 
Lafforgue ([Laj. 4.2) by applying Remark [4.31 (c) (compare also [LRSj . 5.1). 
The general case will be reduced to this case by using property (ii) of the 
morphism (1331) of section 14.51 

In the case where A is an arbitrary central simple F-algebra we first 
remark that we can pass freely to some finite Galois covering. More precisely 
let X — > £££°Xi n be morphism which is representable and finite and an etale 
Galois covering with Galois group G. If X is a scheme of finite type then by 
14.131 (b), £££°Xi n is isomorphic to the quotient scheme G\X. Thus we may 
extend the base field F q and, by Lemma 14.91 also increase or decrease the 
level. Hence we may assume that |/| <f_ |Disc(^4)|. Let x G |/| — | Disc (^4)| 
and let A! be a locally principal Ox-suborder of A with ^4'|x-{ x } = 
and e x (A') = d. Write I — I' + mx with x G" |/'|. By 14.101 it is enough to 
show that ££t^i v n is a scheme of finite type. Thus we need to prove the 
assertion only under the following additional hypothesis: 
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There exists a point p e |Jf| — ({00} U \I\) such that e p (A) = d and inv p (A) = 
0. 

Let B be a locally principal Ox-order of rank d 2 with Disc f B) = Disc(*4) 
and such that for the generic fiber B of B we have inVoo(-B) = inv 00(A) + |, 
inv p (i?) = — 2 and mv x (B) = inv x (A) for all x G |X| — {p, 00}. In particular 
B is a division algebra. The following fact will be proved in section I4.5t 

There exists a finite extension¥/¥ q and embeddings k(oo) <^-> F, k(p) c — > F 
suc/i tfia* £#£ J>n ® fc( oo) F = £U% In ® m F. 

Since, by Lafforgue's Theorem ([La]. 4.2), the stack £££ BIn is a scheme of 
finite type the assertion follows. □ 



To finish the proof of l4.11l in the case I 7^ it remains to show that Ell^ 
is quasiprojective. The proof is the same as in ( [LRSj . section 5). However 
for the sake of completeness we reproduce it briefly. Firstly, by Lemma 14.91 
we are free to enlarge or shrink /. Thus we can assume that 00 |/|. By 14.121 
(b) the morphism Ell^ — > Vectf s given by E = (£, t, oo^, a) t— > (£,a) is 

representable and quasiprojective. Here s : = deg(*4) and Vect j s denotes the 
stack of vector bundles of degree s with level- /-structure. The open substack 
Vect j f tah of /-stable vector bundles - hence also its pre-image EH^'^q b - is a 
smooth quasiprojective scheme ( [LRSj . 4.3). For n e N let G n be the Galois 
group of Ell^ ) ri/0 — > EW^j . Then Ell^j ab /G n is an increasing sequence of 
open quasiprojective subschemes of Ell^ which cover ElLj^. By 14.141 the 
sequence becomes stationary, i.e. Ell^V = Ell^^ ab /G„ for some n. 

Finally let us consider the case / = 0. Choose an auxiliary level J, J > 
with 00 ^ \J\. By 14.91 above X — J we have 

etezo = {Ajy\m%j 

The subgroup ¥ q * of A} acts trivially whereas the quotient (Ai)*/¥ q * acts 
freely on Ell^. Hence above X - J, the quotient {{Ar)* /¥*)\££l^j is the 
coarse moduli scheme of £££^ . For varying J these coarse moduli schemes 
glue together and yield a coarse moduli scheme Elf^ of £££^ . Moreover 
£££^o * s isomorphic to the quotient stack F 9 *\ Ell^ 3 . This completes the 
proof of 14.111 

Remarks 4.15 (a) Note that by \4-^\ (f) we could have defined Ell^ also 
as the coarse moduli scheme of the quotient £££°£/9 or of £££^ n for any 
ne\Z. 
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(b ) Let I X be a reduced closed subscheme with oo £" I and let A be the 
subsheaf of M 2 (Ox) of matrices which are upper triangular modulo I. Then 
by using \£T(\ and \4-3\ (b) it is easy to see that the Ell^ is isomorphic to the 
(open) Drinfeld modular curve Yq(I) = Yq°(I). 

(c) If A is a central division algebra which is unramified at oo and ^4|x-{oo} 
is a maximal order in A then char : Ell^ 3 —>■ X is proper ( see ]LRS$ . Theorem 
6.1 and IHauf . 6.4)- In the general case this is not true anymore even if A 
is a division algebra. In fact if d = 2 and A is ramified only at oo and at 
p £ \X\ and if A is a maximal Ox-order in A then we will show in section 
\4-5\ that Ell^ is a twist of the affine curve y o °°(p) — > X . 

4.4 Invertible Frobenius bimodules 

We consider now two locally principal Ox-orders A and B, both of rank d 2 
with Disc(^4) = Disc f B) and assume that e(A) = d = e(B). We denote by 
A and B the generic fibers of A and B respectively. Let D = Yj X e\x\ mxX e 
Div(y4) be a divisor such that XLe|x| m x = 0- We consider the following 
moduli problem associated to A, B and D. 

Definition 4.16 Let S be an ¥ q -scheme. An invertible Frobenius A-B- 
bimodule (or F-A-B-bimodule for short) of slope D over S is a tuple L = 
(£, (xs)xe\Dut) consisting of the following data: 

- £ is an invertible A M 0$-B Kl O s-bimodule which is locally free of rank 1 
as a left A Kl 0$- and right B M Os-module, 

- For all x £ \D\, x$ '■ S — > X is a morphism in Sch /¥ q which factors 
through x — > X (the morphisms xs are called the poles of L), 

- t is an isomorphism of bimodule 

t : T (£{D S )) — £ 

where D s : = J2 xe]Dl m x x s . 

We denote by S£® B the stack over ¥ g of invertible F -A-B -bimodules of 
slope D. 

Note that deg^(£) = deg B (£). Note also that (A M O s )(D s ) ® A £ = 
£ ®e (B Os)(Dg). Thus the notion £(D$) is unambiguous. 

There are canonical morphisms S£ AB — > Specfc(x) for all x £ \D\. For 
n £ we let S£ ABn be the substack of S£ AB of F-.4-£>-bimodules of fixed 
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^4-degree n. There is a canonical left Pic(^4)- and right Pic(£>)-action on 
S£® B compatible with deg^ (in fact the left and right action are the same 
if we identify the two groups under the canonical isomorphism Pic (^4) = 
Div(.A) /F* = Pic(B)). 

For x G \D\ we define an automorphism 8 X : S£® B — > S£® B by 
(25) 9 X (C, (x' s ) x > e \ D \,t) = (C(-m x T x s ), T x s , (x' s )x'e\D\,x'^x, t(-m x T x s )). 

The automorphisms 9 X for different x G \D\ commute with each other and 
with the Pic (.A)- and Pic(£>)-action. We have O x (SS^ Bn ) = S£® Bn _ mx 

for all n G ±Z and 6 x eg(x \L) = A(-m x x) ®L = L® B{-m x x) for all L G 
S£® B (S). Moreover if \D\ — {xi, . . . , x m } and if we put : — 9 xl o...o9 Xm 
then Q D (L) = Frob^(L) for all S G Sch /¥ q and L G S£%{S). Hence 
Qd = Frob S£ D . 



Level structure. Let L = (£, (xs) x &\d\, t) G S£® B (S) and let I be an 
effective divisor on X. To define a level- /-structure on L we view £ as a 
right £>-module and proceed as in section I4T21 Assume first that 1 I\ Cl\D\ = 0. 
Then a level- /-structure on L is an isomorphism of right £>/ (9s-modules 
(3 : Bi M O s — > £|/xs such that the diagram 

T r \ t\i x s 





commutes. 

Next assume that I = nx with n > for some x G |-D|. Put e = 
e x (A),m = m x and let k(x) e be an extension of degree e of k(x). If m > 
we denote by M = (A4 X , (j) x ) a fixed invertible ^-S^-^-bimodule of slope 
— m over O x ®v q k(x) e . In case m < 0, M = (A4 X , <f) x ) denotes a <p-A x -B x - 
bimodule of slope m over O x k(x) e . Thus if m > (resp. m < 0) then 
0a- is an isomorphism 

4>, ■ a (M x % me ) — A4 a (resp. 0, : "pp-"*^) — M,) 

where denotes the maximal ideal of A x ®f 9 k(x) e corresponding to the 
inclusion k(x) •—>■ k(x) e . If m > (resp. m < 0) then, as in 14.21 the pair 
(A4 X , 4> x ) induces a pair (A4i, 4>i) where M.i is an £>/--4rbimodule (resp. Ar 
£>/-bimodule) and 0/ is an isomorphism 0/ : T (M. I (— mx e )) — > M.i (resp. 
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4>j : T (A4i(mx e )) — > Aii). Here x e denotes the map Speck(x) e — > x X. 
A lev el- 1 -structure on L is a pair (fi, (3) consisting of an Fg-morphism // : 
S 1 — > Spec fc(a;)e which lifts xs and an isomorphism of right Bi Kl C^-modules 
(3. If m < 0, then (3 is a map 



(26) 

such that 



/? : (id, Xfi)*(Mi) — £|/ x s 



■(^P))|/x5- 

/3 



(id/X/i)T 
commutes. If m > then 



(A^/(ma; e ))- 



<Pi 



*~£\lxS 

-(idjx^)*(Mj 



(27) 
so that 



{3:BjM O, 



(id/ xfx)*(Mi) ®AiEo s £\i*s 



•((idj x/i)*(Mj) <8u£| 



0/®*|lxS 



/xSj 



-(id/ x^)*(.M 



T /3 



commutes. 



*B/ IE O s 



For an arbitrary effective divisor J on I we write I = Iq + Ylxe\i\n\D\ n ^ x 
— I + X/a;e|J|nll>| I* w ^h |/o| H |-D| = and J x = n^z for x G |J| fl |Z)|. 
Then a level- /-structure on L is a tuple (/3o, (/4e, flx)xe\i\n\D\) consisting of a 
level- Jo-structure /3q and level- /^-structures (/^, /3 X ) for all x G | J| fl \D\. This 
yields stacks S£^ B I ,S£® B I n equipped with forgetful morphisms 



oc A,B,I 



oc A,Bi 



S£a,b,i ~^ Sp ec k(x) ex (A) for x G |/| n \D\ 
(the latter lifts the morphism S£^ B — > Spec 



Modular automorphisms. Let T: = {x G 



m 3 

D 



> o}. if |/| nT 



then there is a canonical left Pic/(^4)-action on S£ AB1 lifting the Pic(^4)- 
action on S£® B . We want to extend this to a natural left action of an idele 
class group Cj(A T x Bt) on S£^ BI for arbitrary / (similarly to the right 



action of Ci(A c 
with |J T | n T = 



x Doo)-action on £££™ IO 
and I i" T I C T. Put 



defined in ED}. Write I = I T + I T 



U!(A T xB T ): = Ker( J] ^ x II S - ^ • 4 / T X B *i T ) 



xe\x 
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and define 

C T (A T xB T ): = U' x e\x\-T N (^) * FUt N^/U^A* X B T )F\ 

There is a canonical epimorphism Cj(A T x Bt) — ► Pic (A) given on the 
class [g] represented by g = ({ch} x e\x\-T, {K}xer) e lXe|X|-T ^(A) x 
n x . er N{B X ) by ^(divQ?)) where 

div(#) = v A x ( a x)x + ^v Bx (b x )x. 

x&\X\-T xeT 

The kernel of the composition deg^ : Cj(A T x — > Pic (.A) ^4 Q will be 
denoted by d(A T x B T ) . 

Let 5 = (a T ,6 T ) = ({a x } x $ T , {b x } x& ) e nle|x|~T ^(A) x FLer ^"(^x) 
and L = (L,/3o, (fi x , Px)xe\i\n\D\) G S^ABii^)- Left multiplication by a T on 
the target of /?o and for a; G |/ T | (respectively by bx on the source of f3 x 
for x G \It\) yields a level- /-structure on A(div(g)) (g) L. This defines a left 
action of nle|x|-r N(Ax)) x n^gr N(B X ) on S£® BI which factors through 
C 7 (A T x£ r ). 



4.17 Similar to ( 1221) . for x G |D| there exists a canonical lift of ( 1251) to an 
automorphism 9 X : S£® BI — > S£® BI having the following properties: 

(i) The following diagram commutes 



Spec£;(a;)* h> Specfc(o;)* 

where * = 1 or * = e x (^4.) depending on whether x $l \I\ ox x £ \I\. 

(ii) For n G ±Z we have 6 x (SE^ BI n ) = S£ D ABIn _ mx . 

(iii) The automorphisms 9 X for different x E \D\ commute with each other 
and with the Ci(A T x £>*r)-action. 

(iv) For x G \D\ there exists £ x G C T {A T x B T ) such that 6 x eg(x) (L) = £ X L 
(resp. ^ )deg(x,) (L) = £ X L) for all L G SS^^S). 

(v) If \D\ = {x u . . . ,x m } put Q D : = 9 Xl o. . .o6 Xm . Then9 D = Frob 5£ D . 
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Let Cj(A T x & T )[$ x ,x G \D\] denote the following group. It contains 
Cj(A T x Bt) as a subgroup and it contains the set {6 X \ x G \D\} and it 
is generated by the union of both sets. The elements 9 X for x G \D\ are all 
central and satisfy the relations (iv) above. We extend the homomorphism 
deg_4 : d(A T x Br) -> \l to d(A T x B T )[6 X , x G \D\ ] by setting deg^(^) = 

Definition 4.18 Suppose that S£ ABI0 7^ 0. TTie group of modular auto- 
morphisms of W(A, £>, I, D) of S£® BI0 is defined as follows: 

W(A,B,I,D) = Ker(C/(^ T x B T )[9 x ,x e \D\] — > -Z). 

Remark 4.19 Assume that S£^ BI0 ^ 0. For all x G \D\ there exists 
canonical homomorphisms W(A, B, I , D) — > G(k(x)*/W q ) where * = or 
* = e x (A) depending on whether x G" |/| or x G |/|. It is surjective since 0£> is 
mapped to Frobfc( x v by property (v) above. The kernel of the homomorphism 

(28) W(A,B,I,D)^ H G(k(x)/¥ q )x J] G(k(x) ex{A) /¥ q ) 

xe\D\-\I\ xe\D\n\i\ 

is C^A 7 x B T ) . 

It is easy to see that (1281 is surjective provided that 5(A) = d (i.e. deg_4 : 
Pic(^4) — ► is surjective). 



Tensor product and Inverse. There is also a notion of a tensor prod- 
uct of invertible Frobenius bimodules and of an inverse. These constructions 
are needed in the proof of Proposition 14.201 below. Let C be a third lo- 
cally principal Ox-order of rank d 2 with Disc(C) = Disc(^4). Let D% = 

Yl X £\x\ m ^x, D 2 = XLe|x| m x 2) x G Div(^l) with XL e |x| m * = for z = 
1,2. Let Y = SpecF g if (Z^l n \D 2 \ = or Y = Spec((g) x . e|Di|n|D2| k{x)) oth- 
erwise. We view SE^q and S£q 2 c as stacks over Y . Let S G Sch /Y and let 
L = (£,(x s ) xeim ,t) G SS%(S), M = (M,(x s U\D 2 \,t) G S£% e {S) (hence 
for x G \D\\ fl I-D2I) the morphisms x$ for L and M agree and are equal to 
the canonical morphism S — > Spec k(x) — > X). Define 

L <g> M = (£ <g> M, (x s ) x e\Di+D 2 \,t® B t) G 55 %?° 2 (3) . 

Thus we get a morphism of stacks 

(29) ® : <S£j B x ^ — > 55j c +D2 
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which is compatible with degrees. 

The inverse L^ 1 of L = (£, (xs) x e\D\,t) G S£® B (S) is defined as 

(30) L- 1 = {C\ (x s U\d\, (f v ) _1 ) G 5^(5). 

We leave it to the reader to extend the Definition ( 1291) and ( 1301 to invert- 
ible Frobenius bimodules with level- /-structure (see also the next section 
where the tensor product of an ^4-elliptic sheaf with level- /-structure with a 
Frobenius bimodule with level- /-structure is defined). 

Moduli spaces. Let D = Y^ixe\x\ m x x £ Div(.A), D ^ be such that 
^2xe\x\ mx = an d let / £ Div(X) with / > 0. Our aim is to prove the 
following result. 

Proposition 4.20 (a) S£ r ^ BI ^ if and only if 

(31) ^ mv x (B)x = inv x (A)x) + D mod Div(X). 

xe\x\ x£\x\ 

(b) S£® B I is a Deligne-Mumford stack which is etale over¥ q . The open and 
closed substack S£ J \ BIn is finite over F q for all n G ±Z. 

(c) S£^ BI0 admits a coarse moduli space SE^ B/ . The structural morphism 
S£a,b,i,o ~~ * ^abi is an isomorphisms if I ^ 0. 

(d) Suppose that S£^ BIfi + 0. Then SE^j -> SpecF g is a W(A, B, I, D)- 
torsor. In particular SE^ B 7 is a finite, etale ¥ q - scheme. 

We begin with the proof of (a). Since S£® B 7 is locally of finite presenta- 
tion it suffices to show that S£® B 7 (Spec ¥ q ) ^ if and only if ( 1321) holds. We 
write X, A etc. for X(3 ¥q ¥ q , A®¥ q etc. Let a: = idx <8> Frob g : X — > X and 
let 77 : X -> X be the projection. Define div(?r) : Div(X) ®Q -> Div(X) <g>Q 
by div(7r)(X)i = ^ ^(^i) (Note that deg(div(7r)(L>)) ^ deg(D) in 

general). Part (a) of Proposition 14.201 follows from the following slightly 
more general result. 

Lemma 4.21 Let D G Divo(^4). The following conditions are equivalent: 

(i) There exists an invertible A-B -bimodule C such that T (C(D)) = C. 

(ii) We have 

(32) ™ x {B)x = (^ in-Vx(A)x) +div(7r)(S) mod Div(X). 

xe|x| se|x| 
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Proof. That (i) implies (ii) can be easily deduced from the correspond- 
ing local result. To show the converse we consider first the special case 
div(7r)(D) G Div(X), i.e. A ~ B. Then D can be written as a sum of di- 
visors of the form n*(Di), D\ G Divo(X) and of the form & jL. (x — o~(x)) 

for x G |X|. Hence we can assume that either D = e ^ (x — o~(x)) or 

D = pr*(Di). In the first case the assertion is obvious. In the second case it 
follows from the fact that the homomorphism of abelian varieties 

id — Frob : Jac^ — > Jac^ 

is an isogeny hence faithfully flat. 

Returning to the general case note that by 13.11 at least A and B are 
Morita equivalent. Let L be an arbitrary invertible ^l-i3-bimodule. Then 
T C is also invertible hence T (£.(D )) = C for some D G Divo(*A). It follows 
that the congruence (1321) holds with D instead of D as well and therefore 
div(7r)(D — D ) G Div(X). Hence by what we have shown above we may 
alter £ by some element of Pic(^4) so that T (£(D)) = £. □ 

To prove the other assertions of 14.201 we first note that for a connected 
S G Sch/F 9 and L G S£ ABIn {S) the group of automorphisms Aut(L) of L 
is = F q * if I — or = 1 otherwise. Hence for / > the presheaf SE^ B/ 
defined by 

SE^0 /n (5') : = isomorphism classes of objects of S£ abio(S) 

is a fppf sheaf and the canonical morphism S£ ABIn — ► SE^ B/n is an 
isomorphism. We put SE^ BI : = SE^ BJfi . For I > 0. 1431)1 (c). (d) follows 
from: 

Lemma 4.22 Suppose that 1^0 and S£ ABI0 ^ 0. Then SE;2 B j is a 
W{A,B,I,D)-torsor. 

Proof. Assume first that D = 0, A = B. It follows from ( |Lafj . 1.3, 
Theoreme 2) that the map 

(/ : S -> SpecF,) » /* : Pi Cl (A) - S£% AJ (S) 

yields an isomorphism between S£° AAI and the trivial Pic/(^4)-torsor over 
F q . In particular SE^^ 7 is isomorphic to the trivial Pic/ )0 (^l)-torsor. 



50 



Now let To simplify the notation we assume \D\ n 1 1\ — so that 

Cj(A T x St) — Picj >0 (A) (the proof in the general case is analogous). Let 
S G Sch /W q be connected and let Li,L 2 G SE A _ BJ (S). If L\ and L 2 have 
the same poles then £ = L 2 <8> i^if e SE^^^S) = Pic/ i o(^4) by the remark 
above, hence = L 2 . In general there exists suitable r x G Z such that L2 
an d (Ilccepl ^sOC^i) have tne same poles, hence £(rLe|r>| ®x x )(Li) = L 2 for 
some £ G Pic/(^4). Thus win = L 2 for w = £(n* e |z>| 0£") £ C?o- 

Let w G W(^,B, 7,D), L G SE5 iBi/ (S) such that wL = L. Write w = 
CU xe \D\ 9 x x with £ e Picj(-A) and r x e Z. By EH (ii), for x G |D| and the 
pole Xs of wL = L we have o Frob^ = Xs, hence deg(x) | r x . By 14.171 (iv) 
it follows that w G Pic/^-A). However wL = L implies that w corresponds to 
{wL)®^ 1 = L®L- 1 G SE^ 

A,i,o(S) under the canonical bijection Pici(A) = 
SE° AAI0 (S), i.e. w — 1. This proves that for a connected S G Sch /F 9 , 
SE^ B j(S) is either empty or W(A, B, I, D) acts simply transitively on it. 

To finish the proof we have to show that S£ ABI0 7^ implies that 
SE^ B/ (SpecFg) 7^ 0. This is a consequence of the fact that S£ ABI0 is 
locally of finite presentation. □ 



Similarly, one shows that SE^ B / n is a W{A, B, I, £>)-torsor for all n e \Z 
with S£ ABIn 7^ 0. In particular each SE^g/ n is a finite etale F^-scheme. 
This proves (b) for 1^0. 

It remains to consider the case 1 = 0. Choose an auxiliary level J G 
Div(X) with J > and \D\ PI |J| = 0. A similar argument as in 14.31 shows 
that 

CCD rsj crp-D 

OC A,B,n — AA a£j ^l,B,J,n 

Hence B is a Deligne-Mumford stack. Moreover as in 14.31 one shows 
that the quotient SE^ B : = A*j/¥ q *)\ SE^. B j is a coarse moduli scheme 
of Sfjs.o and that ^a,b,o - V\ SE 5,s-' Finally, since W(A, B, D) = 
W(A, B, J, D)/(A*j/¥*) it follows from E221 that SEj e is a W(A, B, £>)- 
torsor over ¥ q . This completes the proof of 14.201 

Remarks 4.23 (a) Let D = J2 x &\x\ m x x e Div(^4), D 7^ be such that 
^2xe\x\ m x = 0- Condition (}3"Tj) is not sufficient for SE^ B j^ 7^ (compare 
Remark I3.6p . However if, additionally, we have X^celxi ^ m x = ^Z then by 
taking suitable products of O^s we see that the center of Ci(A T x Bt) [0 x ,x G 
\D\] contains elements of arbitrary degree m G ^Z. Therefore S£ AB Im 7^ 
implies S£ ABIfi 7^ 0. 
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(b) Suppose that S£® B 1 7^ 0. One can describe the W(A, B, I, D)-torsor 
SE^ BJ /F 9 explicitly as follows. For L e S£^ B j (F g ) let 



V>l : W(A B, J, -D) x Spec ¥ q = ]J Spec ¥ q 

w&V(A,B,I,D) 



SE 



D 

A,B,I 



be given on the w-component by the morphism corresponding to wL. By 
14.171 (v) the diagram 

W(A,B,I,D) x SpecF 9 ^ id ^ D 



e^xProb, 



SE AB,/ x SpecF 5 

id X Frob„ 



W(A,B,I,D) x SpecF ? -5^> SE^b,/ x SpecF g 
commutes. Thus ?/>l induces an isomorphism 

SE5 B/ = (W(-4, x SpecF g )/ < O^ 1 x Frob g > 



4.5 Twists of moduli spaces of .4-elliptic sheaves 

In this section A denotes a locally principal Ox-order of rank d 2 with generic 
fiber A such that e 00(A) = d. We also assume that there is a second closed 
point p 7^ 00 such that e p (A) = d and we put D : = ^00 — |p. Let B be a 
locally principal O^-order of rank d 2 with Disc(i3) = Disc(^4) and such that 
for the generic fiber B of B we have 

inv x (B)x = ( V] inv x (yl)x) + D mod Div(X). 

s6|X| x£\X\ 

In order to show that the moduli spaces Ell^ and Ell^ f are twists of each 
other we are going to define a canonical tensor product £££^1 x S&A b 1 ~^ 
£££ BI - 

We introduce more notation. Recall that the notion of level structure at 
00 for objects of £££°Xi anc ^ S^A B 1 anc ^ a ^ P f° r objects of £££ B 7 and S£® B 1 
depend on the choice of certain local Frobenius bimodules. In order to define 
the tensor product ( 1331) below these choices have to be compatibly matched. 
For 00 let M = (.Moo, 0oo) be an invertible ^-fioo-Axj-bimodule of slope —k. 
For p we choose an invertible 0-^4 p -i3 p -bimodule N = (Afp, 4>p) also of slope 
—4. We use M to define level structure at 00 and N to define level structure 
at p. By Remark 12.221 there exists prime elements e and w p e O p 
such that 

<^ deg(oo) = ^00, ^ deg(P) = Wp. 
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Now fix a level I G Div(X), I > 0. We put 



fc(oo) ifoo£|/|, ( f k(p) ttp£\I\, 

k(oo) d ifooe|/|, [PH \ k(p) d ifpG|/|. 



The embedding C7(-4°° x B^O] -> C7(-4°° x B^)^, P ] given by 6 ^ 0^ 
induces an embedding W(A, I, oo) -> W(-4, B, /, -D) (recall that C^A 00 x 
Boo) — Pic/(.A) if oo does not divide I). We have a short exact sequence 

— ► W(A, I, oo) — ► W(.4, B, J, D) — > G(k(p)$/W q ) — > 

(compare Remark 14.191) . In the following we will consider W(^4, /, oo) as a 
subgroup of W(A,B,I,D). By Proposition EM SE^b,/ is a W(A I, oo)- 
torsor over Spec/c(p)jj. 

Bv BT71 (iv) there exist G C / (^t 00 x B^) such that 

a[k(oo)*:F g ] _ t nMPh-^q] _ r 

°oo ~ SOO) u p — Zp- 

£oo and £ p are given as follows. Let Iloo G Boo (resp. II P G *4 P ) be a generator 
of the radical of Boo (resp. of ^4 P ). If oo G" |/| (resp. oo G |/|) then £oo denotes 
the class in C^A 00 x B^) of the idele ({lj^oo, Ir" 1 ) (resp. ({l}^oo, ©oo 1 )) 
in C/(^4°° x Boo). If P ^ \I\ (resp. p G |/|) then £ p denotes the class in 
diA 00 x Boo) of the idele ({l}^ p ,n p ) (resp. ({1}^ P , w p )) in diA 00 x Boo). 

The tensor product 
(33) ® : ® fc(oo ), <S£ 3, BjJ — > £^ B)I , (E,L)^E®L 

is a morphism of Spec /c(p)*-stacks having the following properties: 

(i) The morphism ( |33j) is compatible with deg.4 and deg B , i.e. for m, n G 
it induces a morphism 



,m+n' 



(ii) The morphism of stacks 

SMa,i SE% BjI — > £« B>J ® fc(p)B (£, L) i-> (E ® L, L) 

is an isomorphism with quasi-inverse 

®HP) S S£ a,b,i — ► £^A,i 55^, (£, L) ^ (£ ® L- 1 , L). 
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(iii) The following diagram commutes 

e®e oa 

£^A,I ®fc(oo)* S£a,B,I 

(iv) For £ G Cj(^4°° x i^) the following diagram commutes 




To define (JMD let S E Sch/F g and let oo 5 : S -> X, p 5 : 5 -> X be 
morphisms in Sch /F g which factor through oo — > X and p — > X respectively. 
Let E = (£, oos,t) be an ^4-elliptic sheaf over S with zero z : 5 — > X and 
let L = (£, oos, ps, i) be an invertible F-.4-£>-bimodule of slope D. Define 

E®L: = {£ ®A£,Ps,t®At)- 

Note that £ (gu £(— ^Ps) = £( — ^°os) £(^(°°s — Ps))- One easily checks 
that t®At is an injective £> M O^-linear homomorphism with Coker(£<Eu£) = 
Coker(t) 0^ C It follows from 13.81 (c) that E ® L is a ^-elliptic sheaf with 
pole p and zero z. Thus we have defined f lHB"]) if 7 = 0. 

When considering additionally level-/-structure, it is enough to treat sep- 
arately the three cases oo,p |/|, |/| = {oo} and |/| = {p}. In the first case 
if E carries a level- /-structure a and L a level- /-structure (3 then one defines 
a level- /-structure a • [3 on E ® L as in (12T1) . 

Next, assume / = noo, n > and let E = (£, oos, t), L — (£, t, oos, ps) 
be as above. Let (a, A), (/i,/3) be level- /-structures on E and L respectively 
such that A = \i: S — > Specfc(oo)d lifts 005. Thus 

a : (id, x A)*CM 7 ) £\i xS , (3:B I MO s ^ (id, x^)*(A4j) «u C\ IxS - 
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Let a • (3 be the composition 

a • p : Bi B 0<? (id, x//)*(.M/) gu £|j xS ^ (5 <8U £)|/xs- 

Finally, let I = np, n > and let a and (fi, (3) be level- /-structures on E 
and L, i.e. 

a : Ai B O s — > £| /xS , /? : (id/ X//)*(JV}) — > £| /xS 
where /i : S — > Spec /c(p)d is a lift of ps. We set 

am 13: (idj x^)*(jV» £| Ix5 = A ®^ £|/xs ^ (£ <8u £)|/ x s. 

In both cases one easily checks that am/3 defines a level- /-structure on E®L. 
Thus we have defined (1331) . The straightforward but tedious verification of 
the properties (i)-(iv) will be left to the reader. 

Recall that Ell^j, Ellg 7 and SE^ B J denote the coarse moduli spaces of 
£££™ I0 , £££ BI0 and S£ i J lBI q respectively (these are fine moduli spaces if 
/ 7^ 0). By (i)-(iv), (1331 induces an W(A, /, oo)-equivariant isomorphism of 
F g -schemes 

(34) e ^a,i ®fc(oo)* SE ABI — > E\\ P BI ® k (p) t SE AjB) j . 

Here the action of £ G W(-4, /, oo) on the right is given by id <g>£ whereas on 
the left it is given by £ _1 <g> £. Consequently by passing to quotients under 
the action and using the fact that SE^ e/ is a W(A, I, oo)-torsor over k(p)$ 
we obtain: 

Theorem 4.24 The isomorphism [34\ ) induces an isomorphism of k(p)$- 
schemes 

(Ell^ ® fc(oo) , SE° BJ ) /W(A, /, oo) - Ellj^ 
We shall give now another formulation of this result. Note that 

In particular e D [fc(p) » :F « ] lies in W(A /, oo) and is equal to 0[*(p)«*«]f-i. Hence 
the following diagram commutes 

(35) Ell?, ® fc(oo)i SEj.^ ® EU» ® m$ SE° >BtI 



e[fc (p) B :F 9 ] e -^ FrobsE/fc{p)B 



id®Frob SE/fc(p) 



e\\ ai ® fc (oo) A se2 )B)/ — — — >■ e\i bi ® k (p) t se2 iB>/ 
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Fix L G SE AB j(¥ q ). Its poles correspond to Fg-embeddings A : ^(oo)* — ► F q , 
(jl : k(p)$ — > F q . By taking base change of (1351) with respect to the morphism 
Spec F q — > SE® B I corresponding to L we obtain: 

Theorem 4.25 Let m = [k(p)$ : F q ]. Thus m = deg(p) if p G" |/| and 
m = ddeg(p) otherwise. The isomorphism • ® L : Ell^j ®jfc(oo)*,AFq — > 
7 ® k(p) t ,/J?q induces an isomorphism of k(p)$-schemes 

(Ell^ / ® fe(ooKiA F g )/<^%- 1 ®Frob™> - Ell| 7 . 

Remark 4.26 A pair (A,/i) G Hom Fij (/c(oo)*, F 9 ) x Hom Fq (/c(p)j|, F 9 ) will be 
called admissible for (A, £>, /) if there exists L G SE^ B j(F q ) with poles A and 
\i. The surjectivity of the homomorphism W(^4, B, I, D) — > G^oo^/F^) 
implies that for all A there exists a fi such that (A,/i) is admissible. 



4.6 Application to uniformization 

Let A be locally principal Ox-order of rank d 2 with generic fiber A such that 

£oo(A) = d. Let I G Div(X) denote an effective divisor. For a closed point 

- — -00 

x G \X\ — |/| we denote by Ell^ 7 / Spf(O x ) the formal completion of ElFj^ 
along the fiber at x of the characteristic morphism Ell^ — > X—I. Also for an 
arbitrary x G \X\ we let Ell^f 11 / F x denote the rigid analytic space associated 

to Ell^j x x Specif. There exists two types of uniformization of Ell^, i.e. 

— - 00 

explicit descriptions of Fi\ AI / Spf((9oo) and El\ A f n / F x as (finite unions of) 
certain quotients of Drinfeld's symmetric spaces and its coverings. These 
are called uniformization at the pole and Cherednik-Drinfeld uniformization. 
The first concerns the point x = 00 (under the assumption inv^ A = 0) 
whereas the second the points p G \X\ — {00} with inv p A = ~. By using 
Theorem 14.251 we show that the two types of uniformization are equivalent 
(see Proposition 14.281 below) . 

In order to introduce the quotients of symmetric spaces appearing in the 
uniformization results below we have to introduce more notation. Fix a closed 
point x G X. We denote by O x T the completion of the strict henselisation 
of O x and by its quotient field. For each positive integer m we denote 
by F XjJn the unramified extension of degree m of F x in F° r and let X)Tn be 
its ring of integers. Note that the projection XjTn — > k{x) m has a canonical 
section, i.e. k(x) m C F Xym . Similarly k(x) C O x r . Denote by D x the central 
division algebra over F x with invariant \ and let T> x be the maximal order 
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in D x . We also fix a uniformizer w x G O x and an element Ii x G T> x with 
11^ = w x . Let a denote the automorphism on O x>m and O x r which induces 
the Frobg on the residue fields. 

Let fl x be Drinfeld's d — 1-dimensional symmetric space over F x and 
fl x / Spf(O x ) its canonical formal model (see e.g. |Gej ). The rigid analytic 
variety Q x parametrizes certain formal groups. The formal scheme fl x is 
equipped with a canonical GLrf(F x )-action. 

We define an action of GLd(F x ) on £l x ®o x Ox,m = &t ®k(x) k(x) m and 
Vt x ®o x O x T = ®k{x) k(x) by letting g G GL d (F x ) act canonically on Vt x and 
by a~ Vx ( det ( 9 ^ on O x ^ m and O x respectively. There exists a tower of finite 
etale Galois coverings ([Gij, IV.l) . . . K + i,x - - • • • - - 4* = 

Cg)^ Each carries a GL d (F a .)/tu r f- and D*/w x -actioia and the 

covering maps x — > are equivariant. Finally, for n > we equip 
-^" r = ®k(x) d k(x) with a GL^i 7 ^)- and D^-action by letting 
(7 G GLd(i^) (or G D^) act canonically on the first factor and by a~ Vx( - Nrd ^ 
on the second factor. 

Rigid analytic Drinfeld-Stuhler varieties. Suppose that inv^ A = 
and fix an isomorphism Aoo = Md{F OQ ). We write / = noo + I°° with 
00 G" \I°°\- Assume first that n — 0. Then we define the formal Ooo-scheme 

ShSu by 

Sh^j: =A*\(A*(A 00 )/f/ / (^ 00 )x^). 
Next assume 00 G |/| and write I = noo + 1°° with 00 G" \I°°\- Then put 

Sh^: =4*\(#(A M )/^(DxEy. 
This is rigid analytic space over Fqo. 

There exists a canonical right action of the group Cj(A°° x ©oo) on 
— 00 

Sh AI and Sh^ which is defined as follows. Let a = ({a^jx^oo, ^00) G 

(nlg|x|-{oo} -^(Ac)) x NiVoz) and assume first n = 0. Then the right action 

- — -00 

of the class [a] G Ci(A°° x V^) of a on Sh^j is given by right multiplication 
by {a x }x^oo on A*(A 0C )/U I (A 00 ). Now assume that n > 0. Then [a] acts on 
Sh^j by right multiplication of {a^^^ on A*(A°°)/U I °o(A oc ) and letting 
rf" 1 act on E^ >00 . 

There are canonical morphism 

— 00 

(36) pole : Sh^ 7 — > Spec fc(oo) if n = 0, 

(37) pole : Sh% 7 -> Spec k(oo) d if n > 0. 
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For that let 1 = 1^: A*(A°°) — ► Z be the composite 

/oo : A*(A°°) ^ F*(A°°) ^> Zx ^ Z. 

Note that for aei'C A*(A°°) we have /^(a) = - deg(oo)w 00 (Nrd(a)). Now 
assume n = and let 

(38) A*(A 00 )/U I (A 00 ) x — > Spec jfe(oo) 
be given on the component r]Ui(A co ) x fi^ by 

( 39 ) hi > SpecA;(oo) SpecA;(oo). 

— 00 

Clearly, fl39|) factors through Sh^j, hence it induces 



Now suppose n > 0. Since k(oo) d C we get a map S 

SpecFoo^ — > Spec A;(oo)d. Note that for g G GL^-Fqo) the diagram 



d 



(40) 



yd £ , yd 

n,oo n.oo 



Prob""°° (dot(9)) 

Spec k(oo)d > Spec k(oo)d 



commutes. We define 

(41) A*(A 00 )/Ui(A 00 ) x S^ iQO -> Spec fc(oo) rf 

on the component corresponding to ^[//(A 00 ) G A*(A 00 )/L r /( V 4 0C> ) by 

Frob~ i(l,) 

s loo y Spec/c(oo) d — > Spec fc(oo) d . 

The commutativity of ( 1401) implies that (14ip factors through Sh^, i.e. it 
yields the map ((3] 



Cherednik-Drinfeld varieties. Let f = {^J^ G (File x -{00} ^(A)) 
and let £ G Ci(A°° x P^) be the idele class represented by ({£ x }x^oo, 1) G 
(It e|x|-{oo} -W(Ae)) x NiVoo)- We assume that £ is a central element in 
Cj(^°° x Poo) and that m = -ddeg^(f) = -*«>(£) 7^ 0. We define 

Shl,/,oc = = A*\ (^(A 00 )/^^ 00 )? x % ® fe( oo) fcM) if n = 0, 
Shi, /i00 : ^^^(A^M.^xS^^fcH) ifn>0. 



58 



As above one defines a right action of Ci(A°° x V^) on Sh^ r ^ and Shj^ 7 ^ 
by letting a = ({a-Ja^oo, cU) G (nl e ]x|-{oo} ^(A)) x NiV^) act by right 
multiplication by {a x } x ^oo on y4*(A 00 )/f//(^ 00 )^ z and letting rf" 1 act on 
fiifo^OSS ( if n = 0) and S^ >00 ® Foc d F£ (if n > 0). Note that £ acts 
trivially. 

Let fc(£) denote the fixed field of Frob™ in fc(oo). There are canonical 
morphisms 

(42) Sh£j |OO ->Spec*(0 if„ = o, 

(43) Sh^ / oo -> Spec fc(0 if n > 0. 

Their definition is similar to the definition of (j3U|) and (|37p . For example 
(S2J) is induced by the maps 

rtUjiA^^xML^kwHoc) > SpecA;(0 Spec*®- 

The rigid analytic varieties Sh°£j and Sh^ 1 ^ are twists of each other. More 
precisely we have the following result. 

Lemma 4.27 (a) There exists a canonical isomorphism of formal schemes 
over Spf(Ooo) (resp. rigid analytic varieties over Foo) 

oo £ 

(44) Sh A/ ® fc( oo)Moo)/ < £ <g> Frob™ > S Sh^^ for n = 0, resp. 

(45) Sh^ 7 ® fc(oo)d fcM/<e®Frob™> = Sh« A/oo /orn > 0. 

oo 

Here Sh A f ®fc(oo)^(oo) ('resp. Sh^ 1 J ®fc(oo) d M°°W denotes the base change to 
fc(oo) of the morphism l[3b}) ('resp. (f^TJ)/ 

(^ Lei G C/(^4°° x Pqo) 6e i/ie c/ass o/ i/ie zde/e ({l} x ^oo, n" 1 ) (ifn = 0) 
resp. of ({ljrr^oo, w^ 1 ) (ifn>0). Then we have 

(46) Shl )J)00 ® fc(0 fc(f)/ < ® FrobJ es (°°) > S Sh2i f° r n = ' res P- 

(47) Sh^ >/>00 ®* (0 *gJ/ < ® FrobJ dcg (°°) > - Sh^ /or n > 0. 

Proof. We prove only the existence of (j4~4"l) . The other cases are similar 
and will be left to the reader. For r^U^A 00 ) G A*(K°°) /U^A™) we denote 
the base change of the map (!39|) to fc(oo) by (^^/(^l 00 ) x fi^) ® fe ( 00 ) fc(oo). 
Let 

( 48 ) (^(^°°) x ® fc(oo) k(^o) id ^ Fc < l "\ ^ ® fc(oo) 
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and let 

(49) 

A*(A°°)/U I (A oc ) x %)® fc(oo) A;(oo) - A*(A 00 )/f/ / (^ 00 )x(^® fc( oo)A;(oo)) 

be made up of all the morphisms (j4"6"j) . One easily checks that it is A*- 
equivariant and that the following diagram commutes: 



(A*(A oc )/Ui(A co ) x ft*,) <g> fc(oo) 

■£<g>Frob™ 



yl*(A 00 )/L 7 /( v 4 00 ) x (fi*, ® fc(c»)) 



(A*(A 00 )/[//(^l 00 ) x £1*,) <g> fc(oo) 
Hence (j4*5|) induces the isomorphism 



> A*(A 00 )/L r /( V 4 00 ) x <8> fc(oo)) 



□ 



Note that, since ^ acts trivially on Sh^ l (resp. Sh^), the Ci(A°° x Pqo)- 

oo 

action on Sh^ j (resp. Sh^ 7 ) induces a right W(A, I, oo)-action (by Remark 
14.81 (c)). In terms of the latter, Lemma 14.271 (a) can be reformulated as 
follows: 

oo £ 

(50) Sh A j<8> fc(oo) fc(oo)/ <^ m ®Frob™ > = 8h A>I>00 forn = 0, resp. 

(51) Sh^ ® Hoo)d Woj/ < i6 m ® Frob™ > = Sh^ forn>0. 



Uniformization at the pole. Suppose that invoo A = and assume first 
that oo does not divide the level /. Then there exists an isomorphism of 
formal schemes over Spf(d?oo) 

(52) ETl" jJ /Spf(0 0O ) - Sh^i 

which is compatible with the W(^4, /, oo)-action and the morphisms pole. 
Now assume oo G |/|. Then we expect 

(53) Ell^f/Foc = Sh%j. 

Again, ( 1531) should be compatible with the W(*4., /, oo)-action and the mor- 
phisms pole. 

We say that Ell^j admits uniformization at the pole if (152|) (resp. ( l5"3l ) 
holds. Suppose that oo ^ |/|. (1521 has been proved in ( |BSj . 4.4) if A is 
a division algebra or A = M^(F). As in loc. cit. the general case can be 
easily deduced from ([St], Corollary, p. 531 and Theorem 1, p. 538) or ( [Gej . 
III. 3. 1.1). If oo G |/| then the uniformization ( 1531) is proved in |Dr3j in the 
case of Drinfeld modular varieties (i.e. A = Md(F)). 
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Cherednik-Drinfeld uniformization. Let p G \X\ — {00} and assume 
that inv p y4 = |. Let B be a locally principal Ox-order of rank <i 2 with 
Disc(£>) = Disc(^4) and such that the local invariants of the generic fiber 
B of B are given by inv 00(B) = mv^A) + -r, my p (B) = and mv x (B) = 
inv x (A) for all x G \X\ — {00, p}. We fix an isomorphism B p = Md(F p ) and 
isomorphisms B x = A x for all x G \X\ — {00, p}. Using the latter we can 
identify the groups Ci(A°° x Boo) and CV(£> P x A p ). Since ^ acts trivially on 

Shfilp ( res P- Sh fe,p) we obtain a ri S nt W(A J > 00 ) - x A)/£5r action 

on Sh e/ p (resp. Sh|°^ p ). We also fix an isomorphism k(oo)± = fc(£oo) C k(p) 

such that the pair (fc(oo)* = &(£oo) fc(p), /c(p)u &(P)) is admissible in 
the sense of Remark [4.261 (fc(oo)+ and fc(p)jj are defined as in the last section) 
and define 

pole : Shg J p ^==> Spec k(£oo) — Spec k(oo) :k if n = 0, 

po/e : Shg} ^=> Spec fc(£oo) = Spec k(oo)± if n > 0. 

Assume that p G" |/| (resp. p G |/|). Then we expect that there is a 
canonical isomorphism of formal Op-schemes (resp. of rigid analytic spaces 
over F p ) 

(54) EU^/ Spf (O p ) = sTi^p ifpm 

(55) Ell^r/Fp = Sh«-p if P G|/| 

compatible with W(^4, /, oo)-actions and the morphisms pole. 

We say that Ell^j admits Cherednik-Drinfeld uniformization at p if (I54p 
(resp. (JSnj)) holds. Both (I5"4"|) and (I5"5"l) are proved in ( [Hauj . 8.1 and 8.3) in 
the case deg(cx)) = 1, mv^A = and 00 G" |/|. Under these assumptions 

Sh B j p and Sh^} have the following simpler description 

Shfep = 5 *\ (V^' 00 )/^ 00 ' 13 ) x fij ® fc(rt MpT) if n = 0, 
Shfc, P = B*\ (B*(A*n/Ui(B°°*) x S^p ® fe(p)d %)) if n > 0. 

Here n denotes now the exact multiple of p occurring in J. 

By combining Theorem 14.25} (|50|) . flBTj) and Lemma [4.271 (b) we obtain: 

Proposition 4.28 Let p G \X\ — {00} and let A and B be locally principal 
Ox -orders of rank d 2 with Disc(i3) = Disc(^4) such that the local invariants 
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of the generic fibers A and B are given by vnv^A) = 0, xnv^B) = \, 
invp(yl) = i,inv p (i?) = and inv x (B) = mv x (A) for all x £ \X\ — {oo,p}. 
The following conditions are equivalent: 

(i) Ell^j admits uniformization at the pole. 

(ii) Ellg 7 admits Cherednik-Drinfeld uniformization at oo. 

By applying 14.281 to the results of [BSJ and [Hauj we obtain further cases 
where Ell^ admits uniformization at the pole or Cherednik-Drinfeld uni- 
formization. For example if inv oo(^4) = 0, oo £ |J| and if there exists a point 
p £ \X\ — {oo} such that mv p (A) = -? and deg(p) = \ then Ell^j admits 
uniformization at the pole. Conversely Cherednik-Drinfeld uniformization 
for Ell^j holds whenever if p does not divide the level. 

5 Appendix 

5.1 Commutative subalgebras in semisimple algebras 

Let He a perfect field and A a finite-dimensional semisimple fc-algebra. We 
collect a few facts about maximal separable and commutative subalgebras of 
A for which we could not find any references. 

Let Z denote the center of A. By Wedderburn's Theorem we have Z = 
ki x . . . x k r for some finite separable extensions ki/k. For a finite Z-module 
M, rank^ M denotes the (not necessarily constant) rank of the corresponding 
locally free Os pcc z -module. 

Lemma 5.1 Let T be a commutative separable k-subalgebra of A. The fol- 
lowing conditions are equivalent. 

(i) T = Z A (T) = {x £ A | tx = xt Vt £ T}. 

(ii) T is a maximal commutative separable k-subalgebra of A. 

(Hi) T D Z and (rank^T) 2 = rank^ A. 

Moreover if A = End^Vi) x . . . xEndk r (V r ) where Vi a finite- dimensional 
ki-vector space for i — 1, . . . ,r, then (i) - (Hi) are equivalent to 

(iv) V\ © . . . © V r is a free T -module of rank 1. 

A commutative separable /c-subalgebra T of A satisfying the equivalent 
conditions (i) - (iii) above will be called a maximal torus of A. 



62 



Lemma 5.2 Let T 1: T 2 be two maximal tori of A. Then there exists a finite 
extension k'/k such that T\ ©& k' and T 2 ®fc k' are conjugated in A © fc k' . 

A finite A-module M is called a generator of Mod^ if the functor 



is faithful. M is called a minimal generator if dimfc(M) is minimal. Assume 
now that A is split, i.e. A = End^(Vi) x . . . x Endfc r (V r ) as in condition (iv) 
of Lemma 15.11 and let T be a maximal torus in A. We have 

Lemma 5.3 Let M be a finite A-module. The following conditions are equiv- 
alent. 

(i) M is a minimal generator. 

(ii) M = V x © . . . © V r 

(Hi) M is a free T -module of rank 1. 

5.2 .4-elliptic sheaves according to Laumon-Rapoport- 
Stuhler 

The aim of this section is to show that under suitable assumptions on A the 
moduli stack Eit^ defined in section 14.11 is isomorphic to the stack defined 



Firstly, we establish an equivalence between certain parabolic vector bun- 
dles and locally free modules of a hereditary algebra. We use the following 
notations and assumptions. Let k be a perfect field of cohomological dimen- 
sion < 1 and let A be a smooth connected curve over k and F is the function 
field of A. We also fix a closed point oo G A. To simplify the notation we 
assume that deg(oo) = 1 (see Remark [5.111 below for the case deg(oo) > 1). 

Let A' be a locally principal Ox-order of rank d 2 with generic fiber A'. We 
assume that eoo(A') = 1, i.e. A'^ = M ( ^((9 00 ). To begin with we introduce the 
notion of a parabolic ^.'-modules and parabolic vector bundles with ^.'-action 
(compare [Yoj ) . A filtered object in a category C is a functor : Z — > C. 
Morphisms of filtered objects are natural transformations. Here we regard 
the ordered set Z as a category in the usual way. The set of objects is Z and 
for i,j gZ we have 



Rom A (M, •) : Mod A 



Mod fc 



in ([EES], 2.4). 
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For i G Z the morphism Cj — > Cj + i will be denoted by ji = jf . For a 
filtered object C+ in C and n G Z the shifted filtered object C[n]* is defined 
as the composite Z > Z — > C A morphism : — ► £)* of filtered objects 
induces a morphism <p[n] : C[n]* — > -D[n]*. 

Recall that for S G Sch jk we have set ^ Mod(S') : = a'W s Mod (resp. 
Mod^(S): =Mod^ HOs ). 

Definition 5.4 Lei S be a k-scheme. 

(a) For e G Z e > 1 Zei PModyy^S') denote the category of pairs 
(J 7 *, consisting of a filtered Mod A '(S) -object J 7 * and an isomorphism ip+ : 
•F[e]* — > JF^oo): = JF* ®e> XxS ^ Cs) swc ^ the restriction of 

ji : T — > -F i+1 toX — {oojxS 1 zs an isomorphism and such that the following 
diagram commutes 

(56) F i+e 




Ti{oo) 

where i : Oxxs e—> C^x(oo)Kl(95 zs £/ie inclusion. Morphisms in PMod A i e [S) 
are morphisms of filtered objects compatible with the isomorphisms ip. 

(b) Let PCoh^/ sp e (S) denote the groupoid of (/C*,^*) m PMod^/ ie (S') such 
that Ki G Coh^^S) and N(JQ : = iV(/Q) = X(/C m ) /or a// z G Z. 

fcj For e,r G Z with e,r > 1 and e | rd. VKe denote by PVect r A , e (S) the 
full subcategory of (J 7 *, iftj^) in PMod^' )e (5') such that T% G Vect r A ,(S) for all 
i G Z and swc/i i/ia£ Coker(j* : J 7 * — ► JF[1]^) g PCoh^/ spe (5') with s = ^-f. 

Similarly one defines a PMod e (S') and A ' PVectg(S') using left A' Kl Os- 
modules. 

Note that for (T*,^*) in PMod^S) with Ti G Vect r A ,(S) for all % G Z, 
the commutativity of diagram (15B"]) implies that jj : JF^ — > jF i+1 is injective 
and Coker(jj) is a sheaf on oo x S. For A' = Ox we write Modx, PModx, e , 
Vectx etc. for Mode> x , PModo x , e (S), Vecto* etc. 

Let £* G PMod^/ ie (S') and JF* g ^ PMod e (S'). We are going to define 
now a tensor product (£* .FJ*. For i G Z we set 

JF„) : = £a®4'^> 
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For ieZ with we define homomorphisms 

o^i ■ Ti{E*^T k ) — ► Ti + i[£+, T k ), Pi : T^S+jJ 7 , k ) — > Tj +1 (£*, T k ) 

as the direct sums of the inclusions j\ ® id : E\ ®ai — > £x+i ®jj (resp. 
id®j M : E x ®m T» -> E x ®m Also let 

7i : Ti{E^Ti) — > TiiE^Fi) 

be the isomorphism given on the summand Ex ®a by 

Finally let 

$ : Ti_i(£*, .F,) © Ttf*, F*) — > T^, JF*) 

be given on the summand Tj_i(£*, J 7 *) by — and by id — 7$ on 
Ti{£ k ,^). We define 

(57) ^ = Coker (^) 
There are canonical morphisms 

(58) ^ f A (g)^, ^ _> ^ ^a®^^>- 

A+/i=i— l,A,/^£Z A+/^=i,A,/x£Z 

The isomorphisms 

£\+d ®A' 3~ u (^A «U' ^ r M )(°°)' <8U' -F/i+d ^ (<?A <®A> ^Vi)(°°) 

induces an isomorphism 

(59) £a«U' ^a®^'^>)(oo). 

A+/i=i+d,A,/j€Z A+/i=j,A,/jGZ 

Definition 5.5 T/ie tensor product (£* <EU' .F*)* £ PModx,e(5') is defined as 
the collection of Oxxs-modules 

(£* <8u/ .F*)* = £a <8U' ^> 

A+/i=i,A,/, 



f/or i G Zj together with the maps < f55|) and (TJ^j. 
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Lemma 5.6 Let £+ G PVect^ e (S) and T± G ^PVect^S). Then (£* ® A , 

JF*)* /zes in PVect^ e (S'). In particular X^\+u=iAuez ^ <£U' a locally 

free Oxxs- m °dule of rank rd 2 for all i G Z. 

Proof. For .A' = Ox this follows immediately from the fact that a 
parabolic Oxxs-module is a parabolic vector bundle if and only if it is 
parabolically flat QYoJ, Proposition 3.1). The general case can be deduce 
from this special case by Morita equivalence. More precisely since the ques- 
tion is local we can replace X by an etale neighbourhood of oo and therefore 
can assume that A' = Md(Ox)- Let X be an invertible A/-(9x-bimodule and 
J its inverse. Since (£*<8U'.F*)* = ((£*<8U'X)<g>© x (J ®a' F*))* the assertion 
follows from the case A = Ox- n 



Let A be another locally principal Ox-order of rank d 2 and assume that 
Coo(A) = d and A\u and A'\u are Morita equivalent where U = X — {oo}. 
There exists an increasing families of .A-AZ-bimodules {Xj i 6 Z} and 
of A'-A-bimodules {Ji \ i G Z} such that (Ji)\u = (Xj + i)[/ =: X[/ and 
(^i)lc/ — =: Ju f° r all z G Z, X;y is an invertible ^jy-y^-bimodule 

with inverse J7c/ and such that {(X^ | i G Z} and {(J^oo | « G Z} are as in 
12.21 It follows from Corollary 12.121 that Xj and J7} are locally free ^.'-modules 
of rank 1. Also we have 



>u 



1+1) 



Ji 



Ji 



i+1 



for all i 6 Z, 



Proposition 5.7 P^t Vect .4 = Vect^ and PVect^ = PVect^, d . The mor- 
phisms 



(60) 



-) A 1± : Vect^ — ► PVect^/, (• ® A , J±) d -i : PVect^ 



Vect 



A 



given by £ i-> £ <8u 2* : = {J 7 <gu Xj | z G Z} and Y^\+n=d-\ ^ ®A' J^ 

are mutually inverse isomorphisms of stacks. Define 9 : Vect .4 — > Vect 4 and 
0/ . pvect^ -> PVect^ 5?/ = £(ioo) and 0'(£*, V*) = V[l]*)- 

JTien £/ie diagrams 



Vect 4 (guJ * ) PVect^/ 



(61) 



Vect 



A 



PVect^/ 



PVect^/ > Vect^i 



P Vect 4/ ► Vect^ 



are 2- commutative. 
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Proof. In view of 15.61 we only have to show that the second morphism is 
well-defined. By 15.61 and 13.111 we have to prove that for G PVect^ (S) the 
quotient 

A+^=o,A,^ez x+fi=-i,x,fiez \+/i=o,x,iigz 

is a special ^4-module on S = oo x S where = Coker(£*[— 1] £*) E^' 
PModa(S) . However this follows from: 

Lemma 5.8 The assignment K.+ h- > Yl,\+u=d~i ^"\®A'J^ defines a morphism 
(■ ®a> J*)d-x ■ PCoh^, sp d — ► Coh^ sp . 

Proof. By Lafforgue's Lemma ( |Laf] . 1.2.4) (applied to a maximal tori in 
A) it suffices to consider the case where S = Spec k and k is an algebraically 
closed field. If N(fC ir ) ^ oo then the assertion follows from Remarks 13.81 (b), 
(c). Now assume N(lC k ) = oo. Let O = Coo, K = F^. Since the question is 
local with respect to the etale topology we can replace X by Spec O where 
O = Coo- Then A' = M d {0) and A = End(A) for a lattice chain of 
period d in K d . Morita equivalence allows us to replace A' by O, i.e. we 
can assume that A' = O. Then M.i\ = T(Spec (9, /Q) is a onedimensional 
/c-vector space for all i G Z and we have to show that 

(62) J] 

i+i=0 

is a free T = T ® /c-module of rank 1 where T = O d is any maximal torus in 
A. If 1 = ei + . . . + e<i is a decomposition of 1 G T into primitive idempotents 
we obtain a corresponding decomposition of (1621) into 

^r®0j\ V \ U = l,...,d 

i+j=0 

where J~j : = JjC v . Since Jj is free of rank 1 as a T-module, is a 

shifted parabolic line bundle (compare [Yo] ) for each z/ G {1, . . . , d}. Therefore 
(M-k ®o <7* )* — -M*[m] for some m G Z. Consequently 

X] M ®o = M m 

i+j=0 

is a onedimensional fc-vector space. It follows that ( 1621) is a free T ®e> i?- 
module of rank 1. □ 
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Now assume that k = ¥ q and that A' is a maximal Ox-order in a central 
division algebra A' of dimension d 2 with A'^ = M rf (F 00 ). Let us recall the 
definition of an ^.'-elliptic sheaf given in ( |LRSj . 2.2) and QBS] . 4.4.1) (here 
we do not require deg(oo) = 1). 



Definition 5.9 Let S G Sch /¥ q . An A! -elliptic sheaf E' = (£i,ji,ti)i e z with 
pole oo in the sense of ILRSf consists of a commutative diagram 



ti-2 



j- 3i — 1 j- 3i — 1 j- 

W-2 > W-l > t-i 



where Si are locally free Oxxs-modules of rank d 2 additionally equipped with 
a right action of A' compatible with the Ox-action. The maps are injective 
A' Kl Os-Unear homomorphisms. 

Furthermore the following conditions should hold: 

(i) (Periodicity) £j +e de g (oo) = £%{o6): = £{ ®e> Xx5 (0(oo) Kl Os) where the 
canonical embedding of Si on the right side corresponds on the left to the 

3 3 

composition £ j ^ . . . S i+ d>de g (oo) ■ 

(ii) The quotient sheaf Si/ jt-i(£j-i) is a locally free sheaf of rank d on the 
graph of a morphism : S — > X. 

(Hi) There exists a morphism z : S — > X — \ T>isc (A') \ - called the zero or 
characteristic of E' - such that for all i € Z, Coker(tj) is supported on the 
graph of a morphism z and is a direct image of a locally free Os-module of 
rank d by T z = (z, ids) '■ S — ► X x S. 



We first remark that condition (iii) implies that Si is actually a locally 
free A' Kl C^-module. This follows from ([Laf], 1.4, proposition 7) or can be 
deduced from Lemma [3.111 together with ( |LRS] . 2.6). Secondly condition (i) 
implies that l^^S) — {°°} an d we have 

<-oo,i ° Frob 5 = 6oo,i+i 

for all i £ Z. For that consider the two nitrations of £ i+ i/tj_i( T £j_i) 

OQSi/t i -i( T e i -i)cg i+1 /t i -i( T £i-i), OQU( T £i)/ti-i( T £i-i)Q£i+i/ti-i( T Si-i). 

The first shows that the support of £j + i/t,;_i( r £ is T z + T looi+1 and the 
second that it is T z + T Loa ioFrobs . 
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Suppose again that deg(oo) = 1. Hence the stack V£££ A ,(S) of ^.'-elliptic 
sheaves as defined in 15.91 is isomorphic to the stack of triples E' = t+) 
where E± = (£+, if)*) G PVect^(S) and £* : T £[— 1]* — > £± is a morphism in 
PVect v 4/(5') such that (iii) above holds for Coker(i*). 

We show that the isomorphisms (1601) yield isomorphisms between V£££ A 
and £££ A \ X -\msc( A >)\ = £U A x x(X - iDiscUQI). Define 

• ® A X* : ££a\ X -\msc(A')\(S) — V££Q(S) 

by {£ , t) t— > (£ (gJ^X*, i tgi^X*). The commutativity of the first diagram ( 16"TT) 
shows that £ (g^X* is a map r £ (g^X^— 1] — > £ (g^X*. That £" has property 
(iii) above follows from Remark 13.81 (c). Conversely, we define 

by (£*,£*) i-> ((£* <2U' J^d-i, (t* <8U' J^d-i). Again the commutativity 
of the second diagram of floTj) implies that (£* g)^ 3-k)d-\ is a morphism 
T (£(— ^oos)) - ► £ where £ = (£* i- Finally condition (*) of Defini- 

tion 14.21 follows Lemma 15.81 We deduce from 15.71 

Proposition 5.10 Let S be a k-scheme. The morphisms 

(63) ■ ® A %, : £^u H Disc(^)i — vew%, 

(64) (• ® A , Jj d ^ : VE(£% — > X-| DiscMQI 
are mutually inverse isomorphisms. 

Remarks 5.11 (a) In order to extend 15.101 to the case deg(oo) > 1 we 
have to modify Definition 15.41 (b) as follows. For S G Sch / k let P Vect^' (S) 
denote the category of triples (X*, if)^, 005) where 005 : S — > X is a k- 
morphism which factors through 00 — > X and (X - *, f/V*) is an element of 
PMod v 4/ ) rfde g (oo)(5') such that X« G Vect_ 4 ,(5') for all i G Z and such that the 
sheaf Coker(jj) is a locally free sheaf of rank d on the graph of 005 o Frob^ : 
S — ► X. To define isomorphisms similar to (1601) we consider increasing 
families of A E fc(oo)-^' E A;(oo)-bimodules {Xj | z G Z} and A E jfe(oo)- 
^4 £3 /c(oo)-bimodules {J7i | i G Z} with the following properties: 

(i) A{\ooi) ® A Zi = X i+ i, <gu -4(^oOi) = J i+ i for all z G Z. Here oo 
denotes the canonical morphism Specfc(oo) — > X and oo^: = 000 o 
Frob* : Spec fc(oo) -> X. 

(i) X[/ = (Ii)\ux Wq k(oo) is an invertible ^4f/ E fc(oo)-^4^ IE A;(oo)-bimodule 
with inverse Jiy = (J<)|i7xf,*(<x>)- 
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(iii) For all i G Z, Xj and are locally free .4.' Kl /c(oo)-modules of rank 1. 

As in 15.71 one defines isomorphisms 

• ® j£L* : Vect.4 x Fg A;(oo) — > PVect^/, 

(• ®A' J*)d-i ■ PVect^/ — > Vect A x ¥q k(oo) 

which then yield the isomorphisms ( 1631) . (1641) above. 

(b) Let p be a closed point of X such that invp(4') = -r. In |Hauj . Hausberger 
constructed a flat proper model of over (X — |Disc(^4')|) U {p} by 

extending the definition of the moduli problem 15.91 of Laumon-Rapoport- 
Stuhler to characteristic p. By using ([Hau], 2.16) it is easy to see using that 
his condition speciale ( |Hauj . section 3) corresponds to our condition (*). 
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